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4 Stability criterion for

many species gLV systems
Ratings

Consider a large N speciessystem
with densities filt Elt fault Jct

gtv model
d fi SCH

fixedpoint such that file o

Jacobianmatrix Jij
514

communitymatrix Mij g

Stabilityoffixedpoint
look at eigenvalues ofMy 71.72 An

since Mij are real Xk at b

fixed it stable if Max Re a o

Solving for Jig and complicated

May 1972 directlylook at Mij






































































































































take another look at Mij for 2 2 toysystem
290

rank
u an

M L r.ua
we a

Consider rare winu
i e same orderofmagnitude

then M has the form

M α Ii ae

May generalized Mij
to

Mi 1 Maj
whnoble

random with probe
fromdist with
variance 02

attempt to mimic the Sparse and random

nature ofspecies species
interaction






































































































































i invoked guessed circular law

for NxN random matrix A
where each

matrix element Aj is real and correlated

Whose distribution has mean 0 van P

in the limit N Is eigenvalue ispopulated

uniformly in a disc in the complexplane

with radius R ON proved for arb dist
byTerenceTao 2010

Eigenvaluesof a 1000
1000

matrix generated with
7m43

each element drawn from
a Gaussian dist with mean 0

and variance 4000

Re a

ii generalization

only a fraction C of
nonzero entries R rf.at

Mij Aij Sig
A 1

nIm max Reh R 1 0

if Red R 1

or GEN C1






































































































































Regardless ofhow sparse the matrix Cal

end howweak the interaction
Oct

for sufficiently large N this system
becomes unstable

Posed a challenging question forthe coexistence

of many species in interacting community

Iii Recent progress Allesina Tang 2010

include correlation between Mij andMji

let MijMji pr Mi 02
the correlation
ve anti correlation

get elliptical law

with Re a p Ten

1 Im 1 p FN

for anti correlatedinteractions
eg fox hare

f co so Itp 1 improvedstability

We will see that biologically realistic

interaction matrix e g Consumer resource
model

can have much differentstabilitycriterion






































































































































C Models of Oscillatorydynamics 320

1 realistic predator prey model
In SeeA3 we saw that oscillatory solk

ofthe Lotka Voltenamodel was destroyed
when carrying capacityof the prey wasincluded

Small prey pop drives predator toextinction

observed ose in predatorprey systems

here include limited uptakecapacity
bypredators

alternative stochasticeffects at
low popdensity

r p 1 ff
seen if out

Monodformfor
uptakeofprey

9 tvqpds.GE bypredator

Compared to problems we have analyzed

the dampedpredator prey systemof
SecA3 is

obtained bytaking Pe D

the single species predation problem
SecA2 is obtained

bysetting29 constant






































































































































Make dimensionless Same notation as SecA3 330

u PIP v K
ST r t wax predatorgrowth

rate

whenprey at caring
capacity

U tu Yu fluir

EE fu n gain

timescaledoesn'taffect phase boundary
u

but affects eigenvalue

mellelines flair o U O F 1 u 1 4

gear 0 v0 2 2 HK

appetitive Fe u z
ñ

k predator extinct
deathrate if 7 K

it
if V71 2

1 21 1

then 1 VE is onlynontrivial fp.pl fff

predator extinct I

prey at carrying capacity






Overview of 340
predatinct

7kphasediagram
arts

Next theregime YCZ.lk zwhereut u Fmc

3 cases depending on theshapeofthe isocline
controlledby2

2 tu 1 422

max Eul.io no fi su

Case Case case

72 1 Ue O KCI 470 Kc1 470

4 74 Uche

2 0

i E
t

ii Ei
will show below that stable oscillation



Algebraic analysis
Work out the community matrix at fixedpt v9

Let n Wax v y

find liaise ftp.t ifd.ifydfefgluiv w̅
f niv p u v qty

gain qus D.ir

For the nontrivial fixedpt
4 0 v o

9 0 814 2

YIU
845 17

to a Pq 4

it 8 3 PAY
u

evaluatederivative atfixedpt
derivativeof flu

In p 1g p 7,8
It

fixedpt

q.fr il a.daiiln
If fi 2

2 491 1 1 0

In q1u FC2 ci s YfE Ida

qa fkiq.siIq1u9 YIy z v 1 a HH



Thus M
7 1 where

360

fin tu He

u

det M XI 0 727km 7 this

ful.IE l jfzE.KZFukeT
for OCU 1

for dfulu.co and 0 4 1

if 070 40

Stable fixed at

if so 7K t.ir

damped oscillation

for dful so it can be shown p 38

that 0 0 if datlano

then 7dm fol



phaseflow in this case expandingoscillation 370

Poincare Bendixson
Theorem

if Re 73 0 and In 73 0

andfurtherif u v arebounded

then 2d flow limityden
u

1

criterion for stableoscillation Re A so or fully o

dful 1 42 1 1 1 Eu
Uc N Where we 1

Stable ose for 34,7 de

y y 144

wax
orifice 1ftio

2T

ygy.gga2e7IEfnfIgcindnde
dared a

saturation

Pic p predatoruptake
limited

yet or Scup
predatordeath

limited



Calculate thedeterminant Δ ᵈlu

diff Ucla n

Δ 1114 n 7 II

To see how Δ depends
on n

ploteach team in
Δ for fixed K

Reh 0 Remo final phasediagram

É f

g
I

Tramped



Illustrationof numerical flow diagram 390

extinctionofpredator

u v
Stablemode

oh

b
dampedoscillation

N

p REPAY
stablelimitcycle

v

O p


