



































































































































I B Bacterial chemotaxis

1 Biologicalbackground

Marybacterial species move around in aqueous
environment byswimming using flagella

E coli
Swim speed v 25mmIs toearth

mtidint v g Of nutrientgain
g

nutrient consumption tf r S ly

movement can sustain growth ofpopulation
V g r e ly

gradient required g ftp.g
r

Yryt5MMoD
5IMm.op 50nMnm OD

Q can bacteria detect gradient n ionmum
n N na to nm

tonm
let Viva toamp

since inM a 1molecule im
N N 2 1 molecule






































































































































requires a detection system with an
act

can be done by accumulating over the

IT flux ofmolecules impinging
in value

a
of radius a I 4rad N

moleculedetected
f J z

in time t

N 4taDn I

more careful calc Bengt Purcell 1977

E D Goounits glucose

detectionlimit WE In FEE
on K lo nM I Conny looms e

IOMMS I

Want to detect gradient
whennutrientlevelhigh

I 1 MM requires E loos

problem brownian motion of cell






































































































































rotational dillusitivity of objectofsizeR

406 2Do z

Do YÉzr3

Z Kinetic viscosity 10 dyn stem for water

for R 1pm Do o 1615

af 38 for measurement time e l s

r e comm
Bacterial strategy

measure difference in time rather than space

take In I see to measure local cone

knows general direction of motion
more according to tend
Conc increases p s o s to continue in

somedirection

Cmc decrease p 0.5 to tumble and move

in randomnew direction

net result biased randomwalk






































































































































Comments

entire cell used as detector a o in Ims

in E I see Oh tonm for a loopM

must havememoryelement to compare are in time

adaptationdynamics via covalent modification

of the chemoreceptors methylation
demethylation

adaptationsystem also provides

putsensing response 2 En

r






































































































































2 Population dynamics
chemotactic bacteria insoft agar rich medium

linear propagationof s warm ring Adler 1966

At the population level biasedrandom walk

is describedby diffusionequation
wth die

If D Ig J Ig É difc velocity

if it is constant then feet g ti it it

follows the diffusioneqn 25 D038

Note Rats is in the forms F J

where I D8g Tg is the cell flux
S conserved since no cell growth death






































































































































a Keller Segel Mendel KS 1971

propose f X Faq
perfectproportual
Sensing Weber's law

a attractant cone

X chemotactic coefficient

then in ID 2tf D 2
2

g X 2x 52cal a

Notes Stitt still conserved Cnogurth

Note 2 X has Same dimension
as D

Gupplement wth theeffectofcells
on a

Ita Da25a half
thea attractant uptake rate KS set toarrest

Dai attractantdiffcoeff
KS set tozero

Itf D25g X 2x f 2xala

at a kg Keeler Segelepn
main idea
bacterialpop create attractantgradient
through their own consumption

pop chase the reading att gradient






































































































































to ti
p

te
skate.tk axlIe.n

expect a traveling bandof bacteria

initerd alx.ot aob.c.IE ad3fx

oflx0 folx AHH Ao SH 0

look for flat ffz alx.tfaht.tn hz x ct

cg Dg4 XSaYa
cat as

c obtained from combervatin off Note sameinkD2D

integrate c Calm atuD kfdFSEs kfd.ie IN
c

c KNlao init cells

Geometricinterpretation
in time 2 and has receded

by a distance lie c

the lossof data emigien
by teetotal uptake _Kove
Ao e kN E ne kN la

problem KSsolh cannotaccommodate cellgrowth






































































































































b Soli of KSegu asymptotes

Cg Dg XGa'la
cat as

look for 8 9 Etz a Ao a tastes

exa Ékg a 14

exp Die é xÉÉéam
CX DX

xD É É
for Z s w look for a are

cha Kp

che Dip Xie H f

c Full sulhbykellerandsegel

integrate Cg Dg xpayatanst

D XE e gheofardz

integrate D lug Xena cztcoust

Sk Qa é






































































































































insert into andintegrate

Cadza Q k a e
CHD

A F da off eHdz

ai I e.g

at aEE Qk I e
eHD

I

hate fi afoot a k 7 e
e HD

Set to 1 viachoiceofQ

aH aof1 e
D

n lu alao
Gao

ex






































































































































Corresponding expression for f E

f z Q Ao ft e
CHD

e
His

Nxt It e HD e
His

e
z is

Ne e E
e X D z p

Max f at e
e 2mendez XII

fax NE 5
5

q j
E

he5km
bualao

i
drift speed

V X Ia f
EET e t

z is

x
2 w

T largerthanC
neededto

counter backdeftuan






































































































































3 Limit in proportionalsensing
Note i bust v fu small 2 behind thepulse

arise from perfectproportunelsensing

Tn reality there is a Cme cutoff to adaptation

V X
0

I ate1pm Asp E coli

for A 4 a v da o for Z s n

let theposition where a G a be Ed

then cells for Zee z are left behind
i e they are removedfurnivelingband

since totalpopsize N determines
home speed e

expect the leakage to slow
downpropagation

Quantitative effectof leakage one

Novick Cohen Segal184 Systematzexpansion inDfx

Here heuristr analysis tobeexpandedbelow

Assume KS so1h to be unaffected for a a

At 2 E v X data
reduction on greed Liv Ves HEE I E






































































































































e

s

Fx Et et whereACH a

V129 UKVks A

cellsremaining in the front Nlt fdxSkat

loss rate due to leakage
Thet

is

HE dot Sad exits

e fczhet.tl t fTx FfEket

Compute 2nd term using KS equi
2 D 5 Zx Vg

SixEe D Ext am
24Ct

usedshorthand
D f Eet t t VHFct.tl fCzket f

z f Ztet
t

adJgi Dog F t dies or 51

Since Dg'tVesg e g

dN
at

or flz






































































































































using plz NIT e
e4x for z a E

VasTEF E

diet xI jE x

Note dir Ivies from a singleapprox
with step funetineffect on drifespeed

More generally expect reduetin the

Dv b Vies b XIs wth be 1

detailedcalc showedb 14 seebelow

loss rate across boundary
at E I

dFt bxN
further from att a ad aczt aoe.CZx D

A e Ao eeEYED for 2 a 2mad

IF bXN Kao

Note since ee
ZTzma lucado Zln
HT Imad corresponds to X DJ






































































































































f run e Kaya are here

F boxK5579 N an L bxaF I

Solve ODE with Tui t cud Nlt
0 No

I
d
gs fEdt

Ntp Lt

NHK Ii
a

insert into cut k Nlt ao

UH Co 1 2
a Eat e JE

where co kno ao is speed if ako

systematic expansion Novick cohortSegal 84

CHI yea
corresponds to

CID 2 b insteadof3

no steady propagation due to

leakage behind the density pulse

















































































































Numerical simulation

K S eon K Soon with leakage

t E

4 Include populationgrowth
a background inclusion of popgrowth
attempted immediately afterKS

Hz DEas Ix v f t r ca g

tag DaEea kcase

never worked hell too slow
C L CFK

Ces kNlao
fastexpanein favoredby Small ao

large ao needed to supportgunk
What sets N for a growing population

origin of Adler rig prop remainedmysterious















































































































b biologicalpicture Cremer et al 20197

Separate growthfrom
chemotaxis

i e attractant nutrient significance later

logisticgrowth

2 9 r s h ele t D25g 2x Vg V X2a a
c g

It a Da2
2
a kca f i kca k aaaa cutoff

Numericalsimulation

yields steady propagation
with a dasilypeak at front

followedby a trailingplateau

Directly measure densityprofile in agar

Adlerring
optical illusion






































































































































c Heuristic Sdh
Solhcomposedoftwo regions

back front front CZ E

nhs lua KS with leakage gunkSc i f
i back 2 CH

M max
v o Fisher ware

4 z Garda decoupled

front regin
fu fiancee can neglect Etermingwth

for Alec a Kla ka ae k const

further neglectDea as in KS will restore later

front dynamics KS t leakage constgrowth

2tf rStD2fg 2x Vg V X2a a

sea Kei
let N cells in the frontbulge

dft rN bxfx.IE N
Y c leakage rate






































































































































Steady propagating state r Hey
e x D if Jkby

I Ex Cpk CHE 2 FD

boostofexpansive speed byTED

compered to Fisher wave Cfu Xss D

e inaeases with a o oppositeofKS

flower if ao too large Pmax exceeds ee

baek Wfm g g r g D2,2g g
2 term neglected

f x e X
ex et

rp He r t DX
i

y ez 2ft
X
marginalstability e eTres G

But in the above Solh fu C
C s 2FD Tf Tf a 1 and Kane I

How do bacteriabeat marginalstability
or how is prop speed e passed on

to the trailing region
ael






































































































































d Connection between front ardbaekregion
set leakage rate from front

DN
ft

OV Ste

whereas Vvs V bY

source of new cells fntrailing region
Stat So fcx ezkc.tl so ffz or

dynamics in the back region

2fe D g rg So facet E
neglect

let flat ert.ylx.tl

hen2tfz Soe rtf x ct z

Ycx.t1 sge
r l ZHc resting

feat Ee
ex a z

OPENE

Ksk

In movingframe
buf g ee

ZSFkfZl f
ft EffIz9e EE Z'T I i

F
E
bxHxI

1 EE y
s

Apparentgaf between z

Ekaders widthoftrough






































































































































5 Compare to nunneries test ofheuristic so1h

simulation difficult with Da o

repeat heuristics for finite
Da

obtain c Ek l T5xI
x Cae for Dae X C D
Fk g in f

50mn21s Zooms Squib

Compares well

with humerics

A few more votes

the case Kla in a can also betreated Cx Xt D

include carrying capacity ac keep a2mm Elinod

E It 451C It t'sFiat

a0 I

peak altar conc






































































































































attractant notnecessary used as nutrient

refutes classicalnotion of chemotaxis
for nutrientscavenging

Newpictureforchemotaxis Cremer et al 2019

bacterial pop employchemotaxis

in nutrient replete condition

boostof range expansion by fact E
n

requires low attn cone Catti nutrient

attractant is an environmental marker

whosedestructionprovides directionaleye
to navigate chemotaxis

expand the pop even withexp growth

faster GR fasterexpansion






































































































































1 Extra't include the effectof fait Da

Kseqn 2tf D2g X2x faxala
withDato 2 a Da2Ea k f

with ftp.bx cts.a atx ct

we have est Dp X1pala
ca Daa Ky

Speedstillgiem bye KNlao

with Daa term it is not possible to

Sobeeqt0inclosefoun.let'slook furtheasymptotes important 2 nu

z 7 w f f ett a _a EH
exe nip XII

X
e

X D

Lf Dawa taxa

a
k

a
e c






































































































































A heed to workout

estimate f i fdzf.cz N earthen
as 1

if fth fallsoffmuch steeper for
2 2max

then N Fdzq a e fFei't
Ao

g ed cud ai ftp xIsx D

SE 9 e fur 2 is

A CZ do a
e.CZx D

Next find leakage at att'd a

ad do NI e
et

Aff bX 5NeeZ

box 5 Eas N

Include growth Aff r N Na N

r cc IEf kbaafhfs.lt 5T5IxIT






































































































































Extra 2 include the effect ofcarryingcapacity

if N is the cells in the frontbulge

fun dna rn f Fnc Yee N

ohne Ha box Yat of
is the leakage rate T b Da

take Nc felt ee KI
DN c

at
r rf If b

use Cao kN fur N

r IT r Eek t5fMfozra2m
X klx 5 I

rX E 5tE Eas
uagaa.ae ee

i rxlcb.ae fE5Da E rE.enE.D

k 5Nba H t e

peak
how z Fae ftp.amnoo

iffen2oD thenatone 50 worm






































































































































Extra 3 realists uptake that ko Fa
we must have k ca o as a 20 fu thehrodel

with growth because f is large
behindthe front

husider KS egg mm
Klas v a Ebola

Itf D25g X 2x faxala

Ita Va g
with f space a a thot

we have eg Dp X I f a'lay
ca Va f

direct soda fullowing KS

integrate Cg Dg x gaya awful
lb

Def Xda e shiftofcode

integrate D bug X bra cztatnst
I

Sta Qa e
HD






































































































































insert into andintegrate

CAa Qu at e
a

att'da QEé dz

EET a T
z

a at Q É é ed

GE fi t at a é
en

TfviachoiceofQ

194 aoft
e.cat x

not






































































































































Corresponding expression forSE

f z Q Ao ft e HD e
CHD

used exp Iff ft e HD

for a
RX

piohlern Plz finite fu 2 is

no propagating Sdk

However the aboveSolh is okayfor thefront
if the baek is taken care of by FK dynamics

Suppose f E He for Zzz

2 at att and

or a o I e
HD aid

e.CID aaIo

for a.cc a o ea a 1 4 PEE Ex

V X ad e

v X affair E






































































































































leakage rate dFf OV put befit

infrontbulge a

N fd H f E Ex Jiffy
0 Howa entaat

oust enfant

for large XD N flnE.ie olnaao

nc VN lnCaola

dNa t.ee y bafaIa.TNT
bc4xenla4a9

includegrowth da Ho NtrN

My r E b rxlnla.la

Compare to freak anf
ne 1kcal out

E b rxftzj.az
aka

Thx
Actualsystem kcafkoaata.cm hak a

should be in between the two cases






































































































































TRepeat theabove analysis for Kca Eo aa

Itf D25g X2x faxala

Ita keg g

moving frame flx.tl fleet alx.tt a

2 2

eg Dp X pala
ca Kca f

integrate of as before

fH Qa e
HD

insert into endiutegrate

Cddza Qkoa e
CHO

Atal
HEI Ko CHO

A aka da Q ce.dz
1 o i

A AKA
faa.jo e f

Tf I a

a iEa ae oEatoEe






































































































































We are interested in the valueZd at att ad

for Ace a aao the above egg
becomes

a t Eg 975 at e

Caf It i It Qao
l E D e

set to 1

Afo 2 Ex'j D I e easy
s

in the vicinity 2 24 and z layeived expect

ACZ Ao z Ex e

V X da X ov bIT
Next evaluate

f PIE Qfa4 e
x

do 2 Ex eeIiYse
c4o

afoot ko to DX
ez

agood 2 17 e has
X D






































































































































relate ed to N Side f E

fu much of range 2 a z AG a

so we have aEf ad 1 at e

as in the original KS problem
do

2

there f E ft e
CYD s

e
CHD

Aoi bye ve Z

Flag e
is

NE fda fCH
a
Ernst eeZ4x

2

g na K 5 e.EEx D

NxIyfz DxjETe.ZYxio

Y z Ex is Hao G 5 0

Ke

dna org b 2 E ao N

aji e r E Fao k 5 2 Ex

approx frame as an L



Further extension attractant nutrient

Itf D 225 2xLvg tr a g

v X Iyaz real ro Faa

Sea Da25A Klass Kca Ko atta

Realistic parameters
A Kak Ao

Tum 57mm I lomm

approx
used on pier page fecal na applies


