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PHYSICS 282 Spatiotemporal Biodynamics
Spatiotemporal Dynamics in Biological Systems

Fall 2024

Solution of Homework #1

Prepared by Leonardo Pacciani-Mori
lpaccianimori@physics.ucsd.edu

October 16th, 2024

Phase diagram and phase transitions in dynamical systems
In class, we studied a model of growth and predation. Let the density of an organism be p(t). If the growth of the organism
is described by a logistic term and the eﬁect of predation by a hypcrbolic term, then the dynamics is given by the following

ODE:
dﬂ_m_<l_ﬂ>_ o p
- 5 p
dt p 1—|-pK

where 1 is the maximal replication rate and & is the maximal predation rate. Of the two remaining parameters, p describes

the carrying capacity and p describes the saturating density for predation.

Upon introducing dimensionless variables, w := p/p, T := rt, the above equation becomes

du au

E:u(l—u)—1+%

with two dimensionless parameters o := §/r and k = pg /p.

Write a general expression for the fixed point w* (K, ) at which du/dr = 0, and show that the nature of the solution u*
depends importantly on whether the relative predation rate o is smaller or larger than
(%) 1 n K n 1
ac(k) ==+ —+ —
‘ 2 4 4k

Show that e (k) has a single minimum at k = 1. The point (k = 1, v = (1) is called the “critical point” due to the
special behavior exhibited by the system in the vicinity of this point as we will see below.

Solution
The value ©* at which du/dr = 0 is obtained by solving:

au® au®

- = u(1l-u")= _
1+ % 1+ 4

0=u"(1—-u")—
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One solution is #* = 0. Assuming ©«* # 0 and dividing by ©* on both sides we get:

(0}

1—u* = <
144

= (1—U)<1+1:>=04 = 1+f—u*_(“*)2:a N
- Wﬂ*@i)“‘“”:(’ = ()P +u(n—1) + (o —1) =0

and the solution of this quadratic equation is:

o —(k—-1)t/(k—1)2—4dr(a—1) (1—r)EVK2+1—2k—4dra+4r
* = — —
2 2

(1—kK)E£VRr2+2k—dra (1 - k)£ +/(k+1)% - dra
2 B 2

So, values u* at which du/dr = 0 are:

(1—kr)*/(k+1)? —4dka
2

uy =0 ul = (1
Let’s consider the expression of u}: depending on the sign of (k + 1)? — 4ka, we might have two distinct
real solution (> 0), one degenerateﬂ real solution (= 0) or two complex conjugate solutions (< 0). The only
physically acceptable solutions in our systems are u* > 0: in fact, u = p/p where f is a positive parameter and
p is the population density, which by definition cannot be negative.

Therefore, if (k + 1)2 — 4k < 0 the only physically acceptable solution will be w* = 0. This happens when:

2k + K2+ 1
oa> —

(k+1)? —4ka <0 = 4dra>(k+1)? = 1
K

1 & 1
= Q>§+Z+&:ac(ﬁ)
The physical meaning of this result is that when the prcdation rate is sufﬁcicntly largcr than the rcplication rate
(remember that o« = 0/7), then the population will not survive (i.e., the only possible equilibrium is u* = 0,
which is extinction). In other Words, the rcplication rate must be sufﬁcicndy largcr than the prcdation rate for
the system to be able to sustain a non-zero population.

Let us now find the minima ofozc(li):

dac g, @ LI N
dr de \2 4 4k )

1 1
4 4r?
11 ,
mzz = k=1 = k==1
However, & is a positive parameter (k = pf /p, with both pg and p positive parameters), so the only acceptable

solution is K = 1. To check that this is indeed a minimum, we evaluate the second derivative ofozc(li) ink = 1:

Cd (11 1 =2
— de\4 4k?)| _, 4 &P

"This is just the mathematical term to indicate two solutions of a quadratic equation with the same value.

d?a,
dK?

1 =2 _2_1_,
4 (13 4 2

k=1




Here is a plot of ac(k):

ac(k)

(b) For k = 1, find u*(«) vs a. [Hint: there are two non-negative real values for u*(c) for & < v, and only one for

Q > Q. Ignore any imaginary solutions which are irrelevant.] To see which of the ﬁxed points is stable/unstable, plot
du/dt vs u for k = 1 and the following values of a: (i) @ < (1), (i) o = (1), (iii) @ 2 ae(1). For each case,
plot the “flow”, i.e. the direction of du/dT as arrows for different regions of u. The type of phase transition which occurs
at the critical point here is called a “supercritical bifurcation”.

Solution

For k = 1, the expression of the cquilibria u* become (from Eq ):

uy =0 ul =+V1l—a
We can reject the negative solution (u* > 0) and the complex solution (¢ > 1 = (1)), so in the end we have:
uy =0 u=vV1—a with a<1

This is the plot of u*(«):

«
a.=1

If we now set kK = 1 in the equation of our system we get:

du au

E:u(l_u)_l—l-u

Let’s now plot du/dr for three values of a as required and determine the stability of the equilibria with a
strcamplot (ic.,a plot of the “flow”):

i. o S o we choose a = 0.95. The streamplot we obtain is the following:



du/dt

Therefore, u§ = 0 is an unstable equilibrium, while u* = /1 — «is stable. As soon as the initial condition
is larger than 0, the population will always tend rowards u* = /1 — «

ii. @ = a :wehave o = 1. The streamplot we obrtain is the following:

du/dr

> U

Therefore, the only equilibrium uf = 0 is stable (u* = /1 —a = /1 —1 = 0). Whatever the ini-
tial condition, the population will always tend towards O (i.e., cthe populaton will ultimatcly always go to
extinction).

iii. & 2 o we choose @ = 1.1. The streamplot we obtain is the following:

du/dr

> U

Therefore, also in this case the only equilibrium ug; = 0 is stable (u* = /1 — « is not an acceptable
equilibrium in this case).

This is a supercritical pitchfork bifurcation. The bifurcation diagram is:



stablc
o)

unstable

We can’t see the full “pitchfork” because we are restricting ©* to non-negative values. To show that this is indeed
a supercritical bifurcation, we can expand the equation of the system around u* = 0:

du u  u?
w1l —w) - 1o+ 4. ) =
I u(l —u) au( —tat >

2 & o2 @
=UuU—u —ou+ U= Ut e =
K K

IFWC now set K = 1 we are 1Cft Withi

d
% ~u(l —a) +u(a—1) - au® 2)

Despite not having the same form of the “prototypical” example of supercritical bifurcation (ie., & = ra — x3),

the behavior of this system is qualitativcly the same:

a>1 a=1 a<l1
du/dr du/dr du/dr

B\ N U

(c) Sketch (ie., plot the approximate dependence by hand, not by computer) the dependence of the stable fixed point u* in the

vicinity of the critical point ae(1). The robustness of the system can be characterized by the sensitvity of the density

u* to small changes in the environment. Let S := du*/dow be a measure of the change in population density when the
predation rate changes. Sketch S(av) in the vicinity (i.e., on both sides) of the critical point, and describe the behavior in
words.

Solution

The dependence of the stable fixed point ©* around . is taken simply from the bifurcation diagram shown

IlbOVC:



(d)

Qe

Where the curve on the left of a. is v/1 — . Notice that u* (a) is continuous but not smooth (i.c.7 not differ-
entiable) in a.

The sensitivity S(a) = du*/da will surely be equal to 0 for & > a, (since u*(a) is constant for av > ).
For a < a, S(Oz) will a]ways be negative (u* decreases as « increases), and will decrease tending t(ﬂ —o0 for
o — Qe

S(a)

Therefore, the sensitivity S(a) undcrgocs an abrupt, discontinuous changc ino = Q.

For k = 1/2, show that there are three solutions for u*(cv) for a range of cv at g < o < e(1/2), where v is a
positive number you need to determine. To see which of the solutions are stable/unstable, ploc du/dT vs u for k = 1/2
and the following values of c: (i) o S ac(1/2), Gi) a = a.(1/2), (i) a 2, a.(1/2), (v) a < ap, ) o = ap, (vi)
a 2 o. For each case, plot the “flow” as in (b). Indicate the stable and unstable fixed points which arise in each case. In
cases where there are multiple stable fixed points for the same value of ¢, what determines the value of u*, the steady-state
density?

Solution

The general expression of the equilibria of the system is given by Eq (1):

(1-r)Et+/(k+1)? —4ka
2

* *
uy =0 uy =

We will have three solutions if i) the two solutions u}. are real (i.c. @ < a) and if ii) they are both non-negative.

*In fact, the derivative of /1 — acis —(2/1 — 04)71, which tends to —oo fora — 1
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This happens when the smaller solution, u* | is non-negative, i.e.:

AN 2 _ _ 7
(1-k) (/;—1—1) 4/@0420 N (12li)2 (/f—|—12) dka

= (1—r)2V(E+1D2—dra = (1—rk)?*>(k+1)* —4dra =
= 1—|—/€2—2/€21+/€2—|—2/€—4/€OK = 4dra >4k = a>1:=q
Therefore, we will have three distinct solutions for 1 < o < ee(1/2) = 9/8 = 1.125.

Let’s now plot du/dr for £ = 1/2 and the required values of a to determine the stability of the equilibria with

a strcamplot:

i. o S ap: we choose v = 0.95. The streamplot we obrtain is the following:

du/dr

ut = %(1}2\/9 —8a)

so we have one unstable equilibrium at 4* = 0 and one stable one at w} > 0. As soon as the initial
condition is larger than 0, the population will tend towards u?. .

ii. @ = ag: we have @ = 1. The streamplot we obtain is the following:

du/dt

> U

and so the situation is the same as the previous point.

iii. & 2 ap: we choose @ = 1.05. The streamplot we obtain is the following:



du/dr

wi =1(1++v9—38a)
> U
u* =0
ut =1(1-9-38a)
Now a new equilibrium has emerged, and u* = 0 is now stable. Therefore, if the initial condition is

0 < u(O) < u*, the system will end up in w* = 0; in other words, if the inirial population is smaller
than a threshold (u* ), the population will die out. On the other hand, if u(0) > u*, the population will
always tend towards uj_ This population size effect (ilc., the fact that in order to have a non-zero stationary
population the initial population must be larger than a threshold) is known as the Allee effect.

iv. @ < ac(1/2): we choose a = 1.12. The streamplot we obtain is the following:

du/dr

The situation is the same as before; the two equilibria 4% > 0 are approaching each other.

v. @ = a¢(1/2): we have v = 1.125. The streamplot we obtain is the following:

du/dr

The two equilibria #* > 0 have now merged into a saddle point. If the initial population is u(0) > u?,
the system will slowly tend towards uj_, but as soon as the population is pushcd below u*+ it will g0 to
extinction.

vi. @ 2 ae(1/2): we choose v = 1.13. The streamplot we obtain is the following:
du/dr

> U
u* =0



Now the only possible equilibrium is «* = 0, and so the population will go to extinction independently of
the initial condition.

(e) For the nonzero stable fixed point w* obtained in (d), use Taylor expansion to obtain the leading dependence on v in the
vicinity of Ozc(l/Q) and in the vicinity of . From these vesults, obtain the Sensitivity S(a) of this ﬁxed point and
sketch both w*(cv) and S(av) in the vicinity of . The type of phase transition which occurs at ae(1/2) is called a
“saddle-point bifurcation”, while the phase transition which occurs at oy is called a “subcritical bifurcation”. Describe in
words how they are different from each other and from the supercritical bifurcation encountered in (b).

Solution
The expression of the non-zero fixed point is:

(1—-k)£+(k+1)2—4ka
2

ul =
By plugging k = 1/2 we get:

1-1/2+/(1/2+1)2—4a-1/2  1/2+/(3/2)2—2a _
N 2

5 =

+ —2a =

i 1 1 /9
u = — — —_
+ 42V 4

1 1/9-8x 1 1 1 1
e — 24+ - .29 _-8ax=-(1++9—
172V 1 1Ty gvI—sa=l 9~ 8a)

The bifurcation diagram (i.c., the plot of the dependence of ©* on @) is the following:

-

PR

a0 acd 72)

Therefore, at a¢(1/2) a new fixed point emerges, and splits into two fixed points for & < ac(1/2). Further-
more, the absolute value of the derivative S(a) = du* /do diverges to co fotﬂoz — ae(1/2)":
1 a—ac(1/2)~

d :‘jlmm):‘— i too 0

1S(a)| =

u
da V9 — 8« V9 — 8«

and so a Taylor expansion around av.(1/2) is not possible. The plot of |\S(cv)| is the following:

ac(1/2)

(07

The expression “ac = c(1/2) ™" means that a is approaching a(1/2) “from below”, i.e. from values smaller than ac(1/2).

9
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On the other hand, u% (o) and S(a) are continuous and differentiable ac g = 1, so we can perform a Taylor
expansion around that point. Expanding u*+:

1
ul = Z(l + V9 —8a) =
du’,
da

1 d?u

1
=ul(a=1)+ .
I 6 do?

(o —1)+

= i(1+\/9—8a)

r <_9 —18a> ial (a—1)+ % ‘ [_(9_;)3/2] ‘azl (a—1)*+

= L (Do D (401 (48 a1+ = £~ (a-1)~2(a—1)~8(a—1)*+--

Neglecting all terms beyond leading order in o we get:

u = —

P 3
2

If we now consider u* (O[), this functon will be continuous but not smoot}ﬂin ag. The expansion must therefore
be written separately for @ S ag and for a 2 ay:

*

0 a<wm . 0 a<a
U_ ~ du* U_ ~
ut(a=1)+ = 1(a—1)+-~~ a>ap (a—1) a>a
o=

The first important difference between these two transitions is that the transition at oy is continuous, while
the one at a.(1/2) is discontinuous.

The difference between the subcritical bifurcation found here and the supercritical bifurcation found in (b) is
that in this case as the parameter o is changed an unstable equilibrium (ug = 0) “splits” into multiple equilibria,
while in a supercritical bifurcation it is a stable equilibrium that “spiits” into more.

For k = 2, show that there are two non-negative solutions u* () for < vy, where oy is a number smaller than . (2),
and one solution for a > . Determine which of the fixed points is stable by plotting du/dT vs u for k = 2 and the

following values of c: (i) o S . (i) v = auy, (iii) & 2 1. For each case, plot the “flow” and indicate the stable and

unstable fixed points as above. Using Taylor expansion, find the leading dependence of the stable fixed point u* on v in
the vicinity of aq. From this resul, ﬁnd the Sensitivity S(a), and sketch u*(a), S(a) in the vicinity of aq. The phasc
transition which occurs at oy is called a “cranscritical bifurcation”. Describe in words again how it is different from the
bifurcations encountered in (b) and (e)

Solution

We are looking at the “merging” of the unstable branch into the equilibrium ©* = 0 in the bifurcation diagram above.

10



For k = 2, the expression of the non-zero fixed points is:

1—k)=* 1)2 -4 —-14+v32-4-2. 1
(1—k) (/;—i— ) Koy _ \/32 a:§(—1i 9= 8a)

K=2

ul =

Now, u* is always negative and so the only two possible equilibria are ua =0and ui This last fixed point will

be non-negative whe

1

5(—1—}—\/9—801) >0 = V9-8a>1 = 9-8a>1 = -8a>-8 = a<l:=q
Therefore, we have two non-negative solutions (ug and v ) for v < a1 and only one solution (ug) for a > .

Let’s now plot du/dr for the three values of « as required and determine the stability of the equilibria with a

stre ampiotz

i. & S ay :we choose « = 0.95. The streamplot we obtain is the following:

du/dr

> U

Therefore, ué = 0 is an unstable equilibrium, while uj_ is stable. As soon as the initial condition is larger
than 0, the population will tend towards u? .

ii. @ = a1 : we have @ = 1. The streamplot we obtain is the following:

du/dt

> U

The only equilibrium, US = 0 is stable. Whatever the initial condition, the popuiation will a]ways go to
extinction.

iii. & 2 o @ we choose a = 1.1. The streamplot we obtain is the following:

*Notice: the fact that a1 = au is just a coincidence.

11



o
ug =0
> U
Like in the previous case, the only equilibrium ug = 0 is stable.
The bifurcation diagram is the fo]lowing:
u*
stable
«
unstable
and so the dependence of the stable fixed point u% on o is:
u*
«

where the curve on the left of o is %(—1 + +/9 — 8«). This curve is not smooth in «, so we have again to
write the Tay]or expansion for & < vy and av > g separately. We get:

. {—Q(a—l) a <o
’LL_,'_%
0 a>om

Therefore, in this case the sensitivity S(a), while still being discontinuous, does not diverge for @ — Q'

du* d 1
= ——(-1+V9-8a) = ——F———
do da2( + @) 9 — 8a

2 a—ay

S = — =2

12



The difference between this transcritical bifurcation and the subcritical and saddle-point bifurcations encoun-
tered before are the following:

« A transcritical bifurcation is continuous, like a subcritical one and unlike a saddle-point bifurcation

« The sensitivity in a transcritical bifurcation is discontinuous but it does not diverge close to the critical
point

« Suberitical (and also supercritical) bifurcations and saddle-point bifurcations involve the creation/destruction
of fixed points. Ina transcritical bifurcation, on the other hand, two fixed points cross each other, “exchang—
ing” their stability. In this particular system we can’t see the full picture because u* > 0. If we also allow
u* to be negative, the bifurcation diagram in the vicinity of aq looks like this:

u*

Ul’lSt‘dblC ¥

(g) Based on the results obtained in (a)-(f) above, sketch the phase diagram in the parameter space (k.cv) as follows: draw the
line (actually a curve) ae (k) and put down the special points (k, ) = (1, (1)), (1/2, ae(1/2)), (1/2, ), (2, a1).
With the additional knowledge that the critical values cg and o1 are Ii—independent (you don’t need to derive this), you
can obtain 2 lines that divide the entire parameter space into three distinct regions. Show the two lines in the space of
(k, ) and give a verbal description of the three “phases” separated by these lines. Indicate the nature of phase transitions
(bifurcations) upon crossing each line separating the three phases.

Solution
Let’s call the special points:

a = (Lau(1) = (1,1) b= (;a (;)) - (; 2)
()= (L) ampereo

and plot them together with ac(li) (and a few lines for reference):

13



b
(0,1) f--- 4>

20010 (20

Let’'s now use all the information we have gathered in the previous points to understand how does the phase
diagram look:

« If we move along any of the the segments (1/2,0) — ¢, (1,0) — a and (2,0) — d, we have that the
fixed points of the system are ug and u% ; we are in the situation where as soon as the initial condition is
u(O) > 0, the system will tend towards ui Therefore, we can infer that in the whole regiona < 1 the
system exhibits a nontrivial equilibrium % , to which the population will always tend to if u(0) > 0. We
call this phase S for “survival™

(%

S

« Above the curve outlined by ac(k), the only possible fixed point is wg. In this area of the parameter space
the population wil always go to extinction, no matter the initial condition. If we move on the segment
(2,0) — d this is also true berween d and the curve (k). Therefore, this will happen in all the area of the
parameter space that is between the curve o, (k) and the region S. We call this phase E for “extinction”:

14



S

« Finally, if we move along the segment ¢ — b the system will exhibit the Allee effect (i.c., we need u(0) > u*
in order to have a non-zco stationary population). We call this phase A from “Allec”:

[0}

I

S

Therefore, the phase diagram of the system (and the two lines that divide it into three regions) are:

15



(a)

S

———m— - - - 4

The transition S <— A is a subcritical bifurcation and the transition A +— Eisa saddlc—point bifurcacion.
Finally, the transition S <— FE for k = 1 is a supercritical bifurcation while for £ > 1 is a transcritical
bifurcation.

. Oscillatory genetic circuit

A genetic circuit in a cell involves two transcription factors, an “activator” and a “repressor”. The activator activates the
expression of itself and the repressor, while the repressor represses the expression of the activator. This circuit is known as
the “predator-prey” circuit. Denoting the concentrations of the activator and the repressor by [A] and [R), respectively, we
can write down a simple set of equations describing their dynamics:

dia]_, A Kn
dt ~ [A|+ K. [R+Kr

u[A]

dlR] _ [A]

D7 aRi[A] T K. p[R]

In the above, the parameters K 4 and K g are the dissociation constant for the binding of the activator and the repressor
to the promoter regions, respectively, g and aug characterize the activity of the two promoter, and ji is the rate of cell
growth (which serves here to dilute the concentrations of the transcription factors). In this problem, you will find conditions
under which this circuit sustains oscillation.

Make these equations dimensionless using u = [A] / Kapv= [R] / Kp, and T = pt. Write down the dcpendcnces of the

two remaining dimensionless parameters, 04 X g and Or X «uR, in terms of the original parameters of the problem.
Solution

16



(b)

Let’s first consider the equation for [A], and plug in it [A] = uK 4, [R] = vKrand t = 7/

d uK 4 Kpg
uKj) =« . —uukKy =
d(T/M)( 4 YuKa+ Ka oKp+ Ky M04
du U 1
Kj— =aq4—— - — uuK
- M AdT O[Au—kl v+1 pura =

du as U 1
- = . . —u
dr  uKyg u+1 v+1

We can therefore define 04 := aa /(K 4) (note that 04 < a4). Similarly, for [R] we get:

d uK g
- _(vKR)=ap——a
a /) T R T K

dv OR U

%_MKR'u—i—l_v

and we can define o := ar/(KR) (note that o g o ag). This way, the equations of our system become:

du U 1 dv U
— =0 . —u — =0 —v
dr Au—i—l v+1 dr Ru—l—l

Notice that, by definition, both o4 > 0 and og > 0 (o4, ar, K4, Kg and p are all positive parameters).

In (u,v) space, sketch the two null clines (ie., the relation between w and v that makes du/dT = 0 or dv/dr = 0).
Indicate each sub-regions of (u, v) space partitioned by the two null clines whether du/dt and dv/dt are positive or
negative. Sketch qualitatively the “flow” of w and v by arrows in the (u, v) space.

Solution
In order to make it easier to plot them, We express the null clines asv = - - -. From the equation for u we obtain:

du U 1

dr UAu+1 v+1 Y

Therefore, one possible solution is w = 0. Assuming u # 0 and dividing by w on both sides:

1

=v4+1 = v=o0y

a

Au—i—l u—l—l_

and du/dT is positive when v is smaller than chis expression. Therefore, the plot of this nulllcline and of the
regions where du/dT is positive/negative is the following:

17



(0,04 — 1)

U
(04 —1,0)
From the equation for v we obtain:
dv 0 = U N U
_ = g =7 vV=0
dr Ru +1 Ru +1

and dv/dT is positive when v is smaller than chis expression. Therefore, the plot of this nulllcline and of the
regions where dv/dr is positive/negative is the following:

v
v <0
(() O-R) -------------------
v>0
U
The combined plot of both null clines is:
v
u <0
v <0
uw >0
v <0 <0
>0 b >0
v >0
U

18



(c)

Therefore, the qualitative flow of the system is the following:

v

The solutions of this system will oscillate around the nontrivial fixed point of the system (which is the intersec-
tion of the two null clines). It remains to be seen if the solutions spiral away from or towards this point, or if they
go around it in closed orbits (the qualitative analysis we're doing here does not allow us to distinguish between
these cases).

Find the fixed point(s) (u*, v*) where du/dT = 0 and dv/dT = 0. Show conditions on the parameters 04 and oR
in order for there to be a “nontrivial” fixed point u* > 0 and v* > 0. Obtain how the nontrivial fixed point (u*, v*)
depends on the parameters (04, OR).

Solution

In order to find the nontrivial fixed points (i.c., with u*, v* # 0), we must solve:

u* 1 U

*
. —ut =0 _
A1 v+l ¢ TR 1

*

v =0 (4)

which corresponds to finding the intersection point of the null clines shown above. From the first equation in

chct:
u* 1 N . oA
A1 vr1 YT ©)

where in we have divided by u* on both sides since we assuming u* # 0. From the second equation in we

get simply:

*

. u
v =0
B +1
Substituting «* from equation (5) we get:
v* 41
U*=0R< 74 —1> ks ZUi(JA—v*—l)ZJR—Ujv*—% =
v¥ 41 oA oA oA OA
x OR 1 * . or(oa—1)
= v |1+—=)=0or|l—— | = v (oat+og)=0oglca—1) = v9=—"r——=
OA OA oA+ OR



(d)

If we now plug this expression of v* into ©u* from equation (5), we get:
plug p q yWe g

oA oA A
Y T onoazon URUA—UR+UA+O'R(UA+UR) OROA+ 04 (04 +0r)
OA+OR
oA oA+ op ca+op—op—1 o04—1
= — (04 +0 —l=——1= =
GA(UR+1)(A R) or+1 or+1 oRr+1

Therefore, the gcncral expression of the nontrivial fixed point of the system is:

(u,v*) = <UA —1 or(oa — 1))

or+1 oca+togr

In order for this fixed point to be really nontrivial, we need that the parameters 0 4 and o are such thatu* > 0
and v* > 0. Therefore, we need:

-1
u*>0:>UA >0 = o4 >1
orp+1
(since o > 0) and:
—1
v >0 = M = o4>1

OA+OR
(since again oRp > 0). Therefore, we need o4 > 1 in order to have u*, v* > 0.
In the vicinity of the nontrivial ﬁxed point obtained in (c), use Taylor expansion to linearize the dynamical equations for
x(t) = u(t) — u*, y(t) = v(t) — v*. Find the two eigenvalues X for the linearized system.
Solution
First of all, we can rewrite our system as:

%f — ) (©)
Where: f (_’) u 1
N u _, y4 O'AT Corl u
=) e=(AE) = (M)

—_

ooks like:

This way, the linearization of our system around (u*, v*)

dz e S\ o ok
&= FE) + IENE- )

where we are neglecting all terms beyond the first order, and J(2*) is the jacobian matrix of the system computed
in 2% = (u*,v*):

of1 of1
J( _*) ou )
Z =
of2 Of2
ou ov (u*,v*)

Let’s compute the partial derivatives:

oh _ 9 u I B 1w 1 1 B
ou (u*m*)_@u AU+ v+l (u*m*)_UA ut+1l (u+1)2)v-1 (u*, *)_
oA 1—0a

= == — 24

(u* +1)2(v* + 1) oA+ oR
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u* 1

e o . —
(’U,*,”U*) Au* —i_ 1 (U* "'I_ 1)2

|
\
g
|

~ (oa+oRr)(1—04)

UA(UR + 1)2
dfa 0 <U u v) OR op(or +1)?
ZJz =~ |og _ -k 8\ )
au (U*,’U*) 8u u ‘i‘ 1 (u*,v*) (U/* ‘i‘ 1)2 (UA _i— O-R)Q
dfs 0 < U > 1
—= = — |or —v = —
ov (w* 0% ov u+1 (w* 0%
Therefore, we have:
l—0on (cator)(1— UA
ocA+oR oa(or+1)2
J(Z) =
or(or+1)?
(ca+oR)?
and we can write the linearization of the system around (u*, v*
l1—0o +or)(1 )
(dx/dT) 0A+;‘R UﬁAUURR—H -
- or(or+1)?
dy/dr (cator)?
If we call for simplicity:
A 1—04p B:(UA+UR)(1—O’A) :UR(UR+1)2
A+ OR JA(CTR+1)2 ((TA—I—CTR)2

the eigenvalues of the linearized system are found by solving:

o R R A B

—(A=NA+1)=BC=0= X+ A1—-A)-BC—~ A=0The

solution of this quadratic equation is given by:

)\:I::;[ A+ /(T= AR = 4(BC - A)] =

1 4
== 1 -2 4 —or+4/1 6—4 — -3
2<aA+aR>[ Ao \/”R( ”A)+<JA > i
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(e) Based on whether the eigenvalues A found in (d) has nonzero imaginary component, and whether the real component of X is
positive or negative, find regions of the parameter space (0 4, 0 ) where you expect the circuit to exhibit stable oscillation,
damped oscillation, or stable coexistence.

Solution
Let us first determine under which conditions Re Ay > 0. This happens when:

1—204—0op

>0 = 1—204—0r>0 = op<1—20
2(ca + oR) 4 R R A

However, we always have 1 — 204 < 0 because 04 > 1 (notice that we can’t even have Re Ay = 0 because
of the same reason). Therefore, this inequality can't be solved (cg > 0 by defintion) and we will always have
Re A+ < 0: the nontrivial equilibrium (u*, v*) is always stable, and all the initial conditions (whether they
oscillate or not) will tend rowards it.

Let us then determine under which conditions there are oscillations at all. The system will exhibit oscillations

i Im Ay # 0, which happens iff}

4
glog) == 0% <a - 3) +or(6—404)+1<0
A

The function g(UR) is a parabola, and therefore:
- if it is convex (i.e., the sign of what multiplies 0'?% is positive, therefore 3 —4/04 >0 = 04 < 4/3),
g(or) < 0if op is in the region between the two zeroes of the parabola
- if it is concave (i.e., the sign of what multiplies 0% is negative, therefore 3 —4/04 <0 = 04 > 4/3),
g(or) < 0if op is smaller than the smallest zero or largest than the largest zero of the parabola

g(oR) g(oR)

OR OR

The parabola is convex, o4 < 4/3 The parabola is concave, o4 > 4/3

The zeroes of a parabola described by g(oR) are:

304 — 204 £2\/oa(oa —1)3

+
g =
R 304 — 4
Therefore, for a convex parabola we have:
4 - +
o4 < 3 op <or<og

®Remember: in order for the cigenvalues A+ to have a nonzero imaginary part, the term in their expression under the square root
(i.c., the discriminant) must be negative.
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while for a concave one:
4 - +
oA > 3 op<op and oRr> o0}

Looking at, the expression of U}j%, UA(UA - 1)3 is positive foroy < 0and o4 > 1. Since we are assuming
o4 > 1, the content of the square root is always positive and so U}ﬁé are both real. We therefore need to check
when U;.f are both positive. Since o < UE, we can first check whe o >0:

o = 30'14—203‘—2 oalog —1)3 PN 304 —4>0
304 —4 30'14—20'124—2 UA(UA—1)3>0

The first equation yiclds opq > 4/34 This means that Ug could be positive only when the parabola s concave.
Solving the second equation:

304 —20% >2\/oa(ca—1)3 = (304 —20%)2 >4d0a(0a—1)° =
= 903 +40% — 120% > doa(0% — 304 + 304 — 1) = 4oy — 120% + 120% — 4oy =

= 304 —404<0 = 04(304—4)<0
This last inequality is true if 04 > 0and 304 —4 <0 = 04 < 4/3. Thus:
>4/3
op>0 = o4 /
oA <4/3

This means that the inequality o > 0 does not have any solution: o, < 0 for any value of 0 4.

Similarly, we can check when O'E > 0:

30,4—20§,+2«/0A(JA—1)3>0 _ JBoa-4>0
304 —4 3UA—2U,24+2\/UA(UA—1)3 >0

+ _
Op =

oA > 4/3
2¢/oa(oa —1)3>20% — 304

Solving the second equation:

4o4(0% — 304 + 304 — 1) = 4o — 12075 + 1207 — 4o g > 40 + 904 — 1205, =

= 304 —404>0 = 04(304—4)>0

This inequality is true if 64 > 0and 304 —4 >0 = 04 > 4/3, and so:

>4/3 4
0E>0:> o4 / = 04> =
oa>4/3 3

Therefore:

"Because in that case we know that both O'Ij% > 0.If oy < 0 we could still have either UE > 0or UE < 0.
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— Foro 4 < 4/3 (i.e., the parabola is convex), O'E <0
— Foro g4 > 4/3 (i.e., the parabola is concave), op <0 and O'E >0
Therefore, the system will exhibit oscillations (i.e., g(or) <0 = Im Ay # 0) only when:

4 304 — 204 +2\/oa(oa —1)3
+ _ A
O'A>§ and OR >0p = R

On the other hand, the system will not exhibit oscillations (ie., g(og > 0) = Im Ay = 0) when:

4 4 304 —20% + 24/ —1)3
oq < 3 or op > 3 and or < O‘E _ 274 UA:;A _ZA(UA )

The phase diagram of the system is the following:

OR

A
Q

W k- e e

A
(1,0)

—
~
~

70)

In phase S.C. (which includes the line that separates the two phases) the system exhibits stable coexistence (i.c.,
ReA+ < 0,Im A+ = 0): there are no oscillations and therefore the solutions will simply tend towards the
nontrivial fixed point (u*, v*). In phase .0, on the other hand, the solutions will also oscillate and therefore
the system will exhibit dampcd oscillations (i.e., Re A+ < 0,Im A4 # 0). There are no regions in the parameter
space where the system exhibits stable oscillations (i.e., Re Ay = 0,Im Ay # 0).

. Rock-scissor-paper game

This classic “game” insolves three species R, S and P interacting in a population. S stimulates the growth of R while
P stimulates the death of R. Also, P stimulates the growth of S while R stimulates the death of S, and R stimulates
the growth of P while S stimulates the death of P. Let p1, pa, ps denote respectively the frequency of R, S, P ina
population, with p1+p2+p3=11In the simplest case where the gain (cost) ofwinning (losing) is unity, the dynamics
of the system is governed by the following ODES:
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%=p - (p1 — p3)
dt 3 1 3

In this problem, you will work out the conditions under which the R-S-P game sustains oscillations.

(a) Show that the above equations admit a conserved quantity, p1paps := C, where C'is a positive constant fixed by the
initial condition, i.e. C' = p1(0) - p2(0) - p3(0).
Solution
In order to show that C' = p1paps is conserved, we simply have to verify that its time derivative is null, i.c.

dC'/dt = 0:

ac _ i( ) = dp + i( )=
dt di pip2p3) = dt p2p3 pldt b2p3) =

= p1p2p3 + p1(P2ps + p2p3) = P1p2ps + pi1P2ps + pip2pPs =
= p1(p2 — p3)p2p3 + P1P2(P3 — P1)p3 + P1P2p3(P1 — P2) =

= (p1p2 — P1P3)p2ps + P1p2(P3 — P1p3) + pip2(p1ps — p2ps) =

= pupADs — Dbl + Pibewl — Pepsha + pipss — pps =0

Since C' is constant, its value will be fixed by its initial condition: C(t) = C(0) = p1(0) - p2(0) - p3(0).

(b) Introducing z; = p1 — 1/3 to describe the deviation from the symmetric point p1 = pa = p3 = 1/3, write down
the two constrains on p; (on their sum and product) in terms of x;. Further introducing Yy = po — p3, write down the
constraint p1paps = C'in terms of 1 and y (we will change 1 to = below to further simplify the notation).

Solution
From x; = p; — 1/3 we have p; = x; + 1/3, and by substituting in the constraint p; + p2 + p3 = 1 we get:

1 1 1
1:p1+p2+p3:$1+§+$2+§+$3+§:.’B1+$2+5L‘3+1 = r14+220+23=0

On the other hand, substituting in the expression for C:

C= = :1:—i—1 :1:—1—1 x—i—l = |z +ﬂ+ﬂ+1 x—i—1 =
—P1p2p3—132333—1233933—

1 1 1 1 1 1
= 17273 + §x13€2 + 53?1963 + §9€1 + gﬂczx:s + §$2 + §$3 + o7 =

1 1 1
= T1x2T3 + §(1‘1$2 + zox3 + 1‘11‘3) + §($1 + 22 + xg) ﬁ =
—_—————
=0

1
= 1223 + g(xlxg + xox3 + x173) + o7
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If we now call x = p; — 1/3 and y = pa — p3 we have:

1 +p3=1—p1=2/3—=x
R p2 + p3 p1=2/
3 p2—p3 =1y

From the second equation in the system we have po = p3 4 ¥, and plugging this expression in the first equation
we obrtain:

+y+ 2 = 2 2 = L(2
p3 Ty Tp3 3 P3 3 Y b3 2\ 3 Y

Plugging this expression for p3 back in the previous system of equations we get:

(2N 12
p2—23$y y—231’y

We can now use these results to write C' in terms of  and y:

C= = :1:+1 L 2—35— L g—x—i— =
= P1p2p3 = 3/3\3 Y 5 (3 y| =

1
= — - 2?(1—x2)— —3*(Bz+1
57~ 2% 1—2) = 5y Bz +1)

(c) From the constraint on & and y obtained in (b), show that there is a unique maximum for C(x, y) in the allowed space

0 < p; < 1. Whar is the value Cy := C'(ﬂso, yo) at the maximum? And what does the location of the maximum

(20, Yo) corresponds to in terms of the frequencies p;? Show that for C''<S Cy (ie., for 0 < Cy — C < Cy), the stable

orbits are ellipses centered at (mo, yo), ie. of the form a(x — x0)2 + b(y — y0)2 = ¢. How does the size of the c‘llipse

depend on the value of co — C?

Solution

To find the maximum of C' by “brute force”, we have to see where the partial derivatives of C' are equal to zero:

ac 1 1, 1, 3 1,

- = — 2_ - . —_ — .
o 4(2z(1 z) + z*(—1)) y* -3 AR EAY.
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oC 1 1 1
— =——2y(3zx+1) = Y 3%

Ay 12 2
0C/0x =0 N —1xt 4 3r— 1y =0 N 322 —2x —y? =0
0C/oy =0 —sy— 3y =0 y(Bz+1)=0
From the second equation we have either y = 0 or z = —1/3. If we set y = 0 in the first equation we get:
2 z=0
3z —2r=0 = z(3z—-2)=0 =
xr=2/3
On the other hand, if we set = —1/3 in the same equation we obtain:
3.§+2§_y =0 = y"=1 = y==41
(notice that, from the definitions of z and y and from the fact that 0 < p; < 1 we have —1/3 < x < 2/3 and
-1 <y <.

Therefore, the points where the derivative of C'is null are (0, 0), (2/3,0) and (—1/3,+£1). In order to check

which one of them is a maximum, we have to compute the so-called “hessian martrix” of C, i.e.:

9%C 9%°C

Ox2 0z0y
H(z,y) =

92C 9%C

Oyoz Oy?

and evaluate it in (0,0), (2/3,0), (=1/3,—1) and (—1/3,1). Remember that a point (xg, o) of a function
f(z,y) is a maximum if H(xq, yo) is negative definite (i.e., all its eigenvalues are negative).

For our system, we have:

9*C 1 3
92~ 2 2"
o’c  9*Cc 1
oxdy  Oydr Y
2
gy(j = —%(33} +1)
Therefore: - L
PR —2Y
H(‘T?y) =
—5Y —3(3z+1)
Let’s first evaluate it in (2/3,0):
I I
H(2/3,0) = =
G eien) o

The eigenvalues of this matrix are 1/2 and —3/2, so the matrix is neither positive definite nor negative definite.

In (—1/3,—1) we have:

443D e S
H(-1/3,-1) = —
e by Ao



The cigenvalues of this matrix are Ax = %(—1 + \/i), where Ay > 0and A_ < 0 so again the matrix is neither
positive definite nor negative definite. Similarly, for (—1/3, 1) we have:

1 3 1 1 1
—3+3(=3) -3 1 -1 3
H(-1/3,1) = =
S asenen) o
and its eigenvalues are again Ay = %(—1 + \/ﬁ)
Finally, in (0, 0) we have:
—5+50 —50 -3 0
H(Oa()) = =
—3-0 —3(3-0+1) 0 —1

This matrix is indeed negative definite, because its (only) eigenvalue is —1/2. Therefore, (z = 0,y = 0) is the
maximum of C. From the expression of C' we also have Cyp = C(0,0) = 1/27.

There is, however, a smarter way to get to the same conclusions without computing all the derivatives shown
above. Let’s take a look again at how C' is written as a function of  and y:
1 1, 1
1A e 1

Clry) = g — 221 —2) = Ly2(3a + 1)
Now, from the definitions of z and y we have —1/3 < 2 < 2/3and —1 <y < 1, and so x? ,(1—x), y? and
(3z + 1) will always be positive. Therefore, C' < 1/27 because — 2?(1 —2)/4 < 0and —y (3:1: +1)/12 < 0.
Thus, 1/27 is the maximum value of C'. Since Cy = C(0,0) = 1/27, the point (0, 0) will be its maximum.

From the original expression of our equations, the point (z¢g = 0, yo = 0) corresponds to p; = pa = p3 = 1/3.

To determine the stable orbits around (g, Yo ), we rewrite the expression of C' as:

B 1, 14 1 1,
C=0Cy 1z + 1% 1 zy? 57
If we now call 6C = Cjy — C and neglect all the terms in the equation beyond the leading order (because  and
y will be small; since we are scudying the syscem close to (xg = 0, yp = 0)), we get:
1

1
PR 2_ pE—
12 12y +6C =0

and we can rewrite it as:

“ oot~ (o) * (k)

— + =0C = + =1 = (—F—==| + =

1 y 45¢ " 126C 2/6C 2/35C
This is the equation of an ellipse that is centered in (0,0) and has semiaxes of lengths 2v/6C (along x) and
2v/34C (along ).
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(d) For an arbitrary value of the constant C' in the range 0 < C' < CY, show that x(t) is bounded in the range i, (C')
and ey (C) (in the sense that for the ellipse in (c), (t) is bounded between :Iq/c/i} Find the values of Zin and Tax
in the limit C' — 0 and show that the trajectory is composed of three straight-line segments in this limit. Express these
segments in the original variables (p1, pa2, p3) and explain in words what is happening along each trajectory. Sketch this
trajectory in the (z,y) space, along with the direction of the dynamics. Add to the plot the ellipse in (c) obtained in the
limic C' — Cy. Finally, sketch your guess of what the trajectories should look like for intermediate values of C.
Solution
We've just shown that i, < 2 < 2 when 0C = 0, ie. when C' & Cp. To show that this is true for any
value of 0 < C < Cj, let’s use the geenral expression of C' to write y? as a function of a:

1 1 1 1
C—Cb:—zazz(l—x)—ﬁyQ(Bx—f—l) = Ey2(3x+1):C’o—C’—1$2(1—x) =
12 1
2 _ I R

Since y2 > 0, we need this expression to be larger or equa] to 0. Since 3z + 1 > 0 (remember chat from the
definition of  we have —1/3 < z < 2/3), we will need:

1 1
C-Co—72°1-2)>0 = 72°(1-2)<CH-C

The term on the left hand side is a cubic function. Therefore, we need to determine when the cubic function
assumes values lower or equal to Cp — C. It’s not necessary to solve the cubic equation (i.e., the equation
with the equality sign “=" instead of “<”), also because it would be very complicated. We can simply plot

f(x) = 2%(1 — x)/4 and Cy — C to understand how the system behaves:

_1/3 Lmin

Therefore, we immediately see that 22(1—2)/4 < Co—C when Ty < @ < @y for any value of 0 < C < Cy.

If we now take the limit C' —= 0, we get:

1, 1
- 1— — -
12 (1—2)=0Cy o
We could solve the cubic equation, but from the plot above we can see that as C' — 0 we will have Cy—C — Cj

and therefore i, — —1/3 and . — 2/3.
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To find the three straight—line segments, we notice that in (b) during some calculations we have wricten C as:

ISl GURY

This expression is useful now because in the limit C' — 0 we will have:

(es) () ]

This equation has three solutions:

« = —1/3 with any value for y
cy=2/3—x
cy=-2/3+zx

These solutions are represent by three lines in the (x, ) plane. The points in which these three lines intersect

r=-1/3 x=-1/3 y=2/3—x
y=2/3—x y=-2/3+x y=-2/3+x

By solving these simple linear systems we obrtain:

r=-1/3 x=-1/3 x=2/3
y=1 y=—1 y=20

Therefore, this is the plot of the three segments that delineate the orbits of the system in the limit C' — 0:

are given by:

)
(~1/3, 1).\

(2/3,0)

(1/3,1)1/

Now, in terms of the original variables (p1, p2, p3) the three points correspond tcﬂ

p1=0 p1=0 p1=1
pa=1 p2 =10 p2e =0
p3 =0 p3 =1 p3 =0

For example, for the point (—1/3,1) we havex = —1/3 = p; = 1/3 —1/3 = 0 and then:

= — =1 — =1 =1
Yy =Dp2 —Pp3 - p2 — Pp3 N p2
p1+p2+p3s=0 p2+p3s=0 p3 =0
And similarly for the other points.
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Therefore, the three points correspond to states where only one of the populations is present. When we move
from one point to the other along the segment, one population is replacing the other: for example, if we move
along the segment (—1/3,1) — (2/3,0) the population p; is replacing populations pa.

To determine the direction of the dynamics (i.e., if the orbits are going clockwise or counterclockwise) we can

simply rewrite the equation for p; in terms of « and y:

i:<x+;>y (7)

Since 4+ 1/3 > 0, we have that & > 0 when y > 0 and viceversa:

Y

(—1/3, 1)\

(2/3,0)

(—1/3, —1)/

Therefore, the orbits are going clockwise. The stream plot of these orbits and of the ones obtained in (¢) will be:

Y

(—1/3, 1)\

N (2/3,0)

\ |
Paim
-

(—1/3, —1)/
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The intermediate orbits will have a shape that is something in between the el]ipse and the trizmgle (since Cis a
continuous function, they will be a continuous deformation from the ellipse to the triangle). For example:

(—1/3, 1)\

[,
L
(-1/3, 1>/

The actual strcamplot of this systc plottcd with Mathcmatic is shown in Figurc

(e) Bonus for the more mathematically inclined: find the period of oscillation for C° — 0. You should be able to write your
answer in terms of In(1/C). [Hint: you will need to obtain deviations of the trajectories from the straight-line segments,
and most importantly, the turning points for small but non-zero C. As the three pieces are symmetrical, you just need to

<

(2/3,0)

\
o

AN

2
=

work out one of them.|

It is not required by the homework, but the equations of which I am plotting the streamplot in this figure can be obtained from
the original equations by simply plugging the definitions of  and y:
p1 = p1(p2 — p3) &= (z+3)y
P2 = p2(ps — p1)
ps = p3(p1 — p2) y=
From the definitions y = p2 — p3 and & = p1 — 1/3, and from the constraint p1 + p2 + ps = 1 we findpa = 1/3 —x/2+ y/2 and

=
4 (p2 — p3) = paps — pap1 — P1P3 + P2p3 = 2paps — p1(p2 + p3)

ps = 1/3 — x/2 — y/2. Plugging these expressions in the equation for g, in the end we obtain:
T = x—i—l '—§x2—x—12
= 3 Y y= 2 2y

"This plot shows the flow for any initial condition on  and y, so also for (z,y) outside of the triangle we've studied in this point

(which are non-physical solutions of the system).

32



>

1.0 B
| }W\\\\&A\\Q\;g ]
AN
{ SN e.
{ S

0.5F

s
i
11 o
\ RS
ﬂ(///_\\\r\\?\\itﬁt;
IS NN
>~ 00 44 1 A 6‘; y ) }) 4
IR =
=7 o=
05k i x Q‘:‘::/_:/‘/‘/‘//:‘j/‘%/////‘;( )
TN
N
W NP Sz ===
—(;.4‘ —(;2 OiO ‘ 012‘ ‘ ‘Oi4‘ ‘016‘ ‘

Figure 1: Streamplot of the rock-scissor-paper system.

Solution
The hint suggests us to compute (approximately) the time the system takes to go through a trajectory like this:

)

(—1/3,1) 1
N

(2/3,0)

4
(—1/3,-1)

In particular, in this trajectory the system is going from one “turning point” to another, where the “turning
points” are the points where y is the closest to £1 (or in other words, the points where y has the highest/lowest
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value). Thanks to the symmetry of the problem, once we compute the time #egmene that the system takes to go
through one of this “pieces” of trajectory, the period T of the complete orbit will be T' = 3t egment-

To compute tgegment, We solve the equations of the syscem close to one of the segments, and since the system is
symmetrical we can choose any of the three segments. We choose to work near (—1/3,—-1) — (—1/3,1) (as

in the figure above), so we set & = —1/3 4 € (with € > 0 small) in the equations of the system and we get:
Y E Y
= =
y=sa"—a =5y’ g=3(G+e -5 -5 He—gy

T=c-y~0

j=3+3¢ -3y~ 5(1—9?)

where we have neglected the terms containing €, since it is small. The first equation expresses the fact that the
system remains close to the segment (since & ~ 0 means that  does not change), while the second one is the
equation we have to solve in order to determine tscgmcm. We do so by separating the variables:

dy 1 2 dy

— =—(1- =dt

dt 2( v) 1—92
We now integrate both sides; the right hand side is integrated from ¢ = 0 (our initial time) to t = Lsegment, while
since we are moving “up” the segment the left hand side is integrated fromy = =1 +d toy = 1 — 9, where

0 > 0 is small and will depend on e

1-46
d seg n1(n\' 1
/ 2 Y 5 = / dt = / 2dy ( + > = tscgmcnt =
145 1—y 0 146 L=

1
:> tsegment - 2 ln ( —"_ y)
-y

Now, § gives a measure of how close y gets to &1 at the turning points (as stated above, y goes from —1 4 to
1 —6), and we want to express how it depends on C' in the limit C' = 0. To do this, we start from the expression

of C'in terms of x and y:
1 1 2 SR
C—4<m~|—3> [<3—:1:> —y]

andweselﬂx: —1/3+e¢y=1-4:

1 1 1
C—4<—3+6+3>

1-9 o1 2
= n-—
o

—1+6
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2 1 2 o 1 ) )
SH+-—e)] —(1-9) :Ze(1+e—2e—1—5 +26) =

= 40 = —€3 — 2% — 6% + 266

"Notice that our results do not change even if we choose y = —1 + §, since C depends on y2.
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If we neglet all terms beyond 1eading orders in 0 and €

2C
40 = 224266 = 20=ed—¢> = d=¢c+ —
€

The turning point corresponds to the minimum value of ¢ as a function of e

Y

Pl

s T

0:88(5(6)21—2? = € =Vv20 = § =2v20C
€ €
Therefore, the period of the orbits for C' — 0 will be:

2 1

2
T = 3tsegmens = 3 - 21In 5= 6 In
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