



































































































































B Generalized Lotka VolterraModel

If ri fi t Aij lil j gu
simple generic formulation of
multi species interaction
Aij c o competition

A j o cooperation

wide rangeof dynamical
behaviors

not mechanistic
more mechanistic basedmodels e.g
Consumer ResourceModel effective s
with restricted parameterspace
Smalldensityexpansion
higher order term can be important

Centralproblem in ecology diversityofspecies

1 Two speciesCompetition
fi rig 1 Self fa ti
g rife I Silja fi fu

Fj t o ik fr carrying capacities

Fir G Competitive interaction

large Fig small interaction






































































































































dimensionless variables U Uefa Frat

dimensionlessparameters r Yi are f an É
dye w Ctu army f lui thatinteraction
dye rn l aan na flu Ky an o an o

forcompetition
null lines

f cut u 0 7 UFO or attaint 1

facut ut o Utd or an ut tu 1

non trivial fixedpt at Ikea ME III an
feasibility Ui o ut o requires d Must
Stable coexistence
unstable bistability licitcycle

case i globalattractor
A iz 1 Az 1

v coexistenceor stictiej 1 III
i

weakinteraction

weak competition merely reduces the values

of ut ut from1 Smallercarryingcapacity






































































































































hi U l Un Ar Uz
Case it iz r uz l Az Ui ha

91221 921 1

or Fei fig Er sprextingI i

Strong interaction

strong competition drives each other

to extinction determinedby init audition

extreme e f toggleswitch

case iii are 1 an I 1,1
1 0

EX
niffffa

phasediagram
dominanceau

aperitif bistable
Note phasediagram

1 t
T t

independentof
rate constants r r

a no effect on statings






































































































































2 two cooperating species

fi rig 1 Self t fa ti
fi rape I Silja t fr fu

dimensionless Ui we Frat

very but ft but ft
dye u Ctu tbizuy f.la my
dye rn turban flurry

I
i

inontrivialfixedpoint at th UE Ibig
I 2 0 WE It be 49

case i biz built
ri o UE bi u 1

a Eticete
weak Coop UT

Weak cooperatiity

moderately increase

ammonia
t






































































































































Case ii baby I

met'eitzetent t

Strong cooperativity

mean

FIF

look at dynamics of
freq petty and total pop Te lecture

df uin.de Yutg datedE qEijtE É
p tp tr alreba arbutrebalpa

I rip Ap Cebu urbetreble p neg freqdepot

Muzo peyffrtb.ee I fixedfief

dynamics firm men p't U L phat

At p'T 1 pit bull ph

acetanilide
Ofer if bribe I

blowsupinfinite time
needhigherordertens

genericproblem tu gli descriptionof symbiosis






































































































































3 algebraic analysis of stability
for arbitrary Anz Az without so ut o

torestuff
tut di Uy f la ay

symmetry dy rel l uz aan fu un

nontrivial fixedpt f cut at o f lui ut to

let u u x

unity I EEE L g
Link

CommunitynatixM
Ea regent at nut

3 r aizu 2 yall ra

M fruit
rain

aau ru
dit M XI

x'thattrout X l ar ar ruin o

27 Hu t rut To
D Guitry J 4 t an an r uke

r ut rut t A Ar r ut ran






































































































































nImX
As long as UT 0 ut o

Az Az 1 D nutria f

Rea
Xt 0 X O bistable

O Lan 9441 eX
rat rat DC mutton
co x co stable

aortal
SCO X mutant IKOT
y

forsure a arco dampedose

0 0 Condition aman my
Red

for the onset of dampedose

Summary phasediagram
Arin b

stage

ag

É

ÉÉÉ it
g.am

C0E0diiopMtEa



4 Stability criterion for
many species gLV systems

RH Fff
Cursider a large N speciessystem
with densities frLH k I t for It Fits

gtv model
d fi fat

fixedpoint I such that fits o

Jacobianmatrix Taj
2 GH

communitymetrix Mi j Igo
Stabilityoffixedpaint
look at eigenvalues ofMi Ai Ir Aw

since Mij are real Ak at ib

fixed rt stable if Max Re Are3 co
ik

Sowing for Tig and I complicated

May4972 directlylook at Mi j



take another look at Mig for 2
2 toysystem

iii a
Consider r n ra ninny

r r4r

i.e Same orderofmagnitude

then M has the firm

Malta i'it Cinhil
May generalized Mij

to

Mii I Mz j
0 wth prob te

random with probe
from distink
variance or

attempt to mimic the sparse and random

nature ofspecies species interaction



i invoked guessed circular law

for NxN random matrix A where each

matrix element Aj is real and
unconeted

whose distribution has mean 0 var P

in thebint Nath eigenvalue hee is
populated

uniformly in a disc in the complexplane

with radius R RTN proved for arts dist
byTerenceTao 2010

Eisenvaluesof a looox too

matrix generated with

Tm R
each element drawn from
a Gaussian diet with mean o

Refa
and variance Yivo

ii generalization

only a fracture of nonzero entries R rfe.at

Mi j Aij fi X a l

Hmm Max Refa R 1 L O

fl o Re R c t

or a EN c I



Regardless ofhow sparse the matrix Cay
and howweak the interaction

rect

for sufficiently large N this system
beanes unstable

Posed a challenging question forthe coexistence

of many species in interacting community

Iii Recent progress Allesina dTang 20 lo

include comelitin between Mj andMji

let LMijMji fr Mif o

E ve correlation

get elliptical law
he anti correlation

wth IRelayate rien
ITm9x3k 4 e r EN

for anti correlatedinteractions e.g.tn
hae

f Lo so Itf c 1 improvedstability

We will see that biologically realistic

interactive matrix e.g Consumer resource
model

can have much differentstabilitycriterion


