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Topic 4: Genetic Circuits

A. Models and behaviors of simple genetic circuits
1. general model of gene expression
2. negative autoregulation
3. positive auto-regulation
4. oscillators
B. Noise in gene expression

C. Metabolic control
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A. Models and behaviors of simple genetic circuits

1. Model of gene expression: B

steady-state mRNA level:

[0#
[m;]" = [gi] - i/ Bm,i ~ fewlcell pﬁ

AT AN
.——:.’ NN\ %
" g P
: A
g = # promoters per cell; 1-8/cell for chromosomal promoters; can be >100 on plasmids
om = omo P MRNA synthesis rate per promoter; max ~ 1/sec; typical ~ 1/min
Bt = mRNA life time; typical 1~2 min; max ~ doubling time 10~20 proteins/mRNA
op (“burstiness”)

growth

-field d ipti t fi j d
mean-field description (rate eqn) for gene i E[mi] = ailgi] - ﬁm.i[mi]‘/ rate

[g;] = conc of promoters
[m;] = conc of functional mMRNA transcript a. 1 _ ‘
[p-l] = conc of protein product a; [Pl = apilmil By + 1) [pi]
! \_Y_l
B

not contained in the simple model:

» delay from tsx init to completion of MRNA synthesis
[typically ~ 0.5 min, could be longer with roadblocks, tsx pauses, etc]

delay in protein synthesis (~ min) and/or maturation (can be > 10 min)
fluctuations within one cell-doubling

— dilution due to (exponential) growth of cell volume V_;; (t)
— gene dose change (differential increase of g(t) and V,.;(t) during cell cycle)

— changes in conc of RNAp (2 a.m), ribosomes (0,,), RNases (2 Bnm),
proteases (=B,), global regulators, etc.

+ stochasticity in transcription, translation, degradation, and cell division
+ stochastic variations in cellular growth rate

=> simple rate egn (+ stochastic improvement) not faithfully applicable
to time scales = cell doubling time
[very short-time dynamics okay; e.g., allosteric control, protein modifications]
=> for time scales > cell doubling time, parameters are well-defined
in exponential growth phase
d
set d[m]/d: =0 (fast) to get — [p;] = a;[g:] — Bilpi] where a; = amap,i/Bm,i
[note: o, /Bm.i ~ # transcripts per mRNA life-time = “burstiness” of mMRNA i ]
=> all parameters growth-rate dependent (next major topic); fixed for now.

4

2/22/23



Below, we will explore behaviors of simple genetic circuit motifs
using mechanisms of tsx control; will illustrate the effect of post-

transcriptional control which enhances cooperativity

consider tsx init control only (for simplicity),
with [m;] = @ oPi/Bmi = moi - R~ Mo

In RA

slope <nyp

‘IIIIIIII»

capacity: f;

1

— am,o [RNAP]av
ﬁm,i KP,L’

In RR

capacity: f»

‘IIIIIIII»

1
[!4 In([A]) I?R In([R])
2, - 1+ f, (%})M R, = 1 +fR_1 (Ki}?])nR

in terms of protein dynamics

d

—pil = ai = Bi - [pi]

@ = ap - [m] = apimo - Ry = o Gi

Bi = ﬁp,i + 1

consider tsx init control only (for simplicity),
with [m;] = am oPi/Bmi =moi R~ Mo

In RA

slope <nj

‘IIIIIIII»

capacity: f;

1

[ max rate: G; = R;/ max(R;)

_ Am,o [RNAP]av
Bmi  Kp,i

In RR

|slope| < ng

A
E capacity: fz
\4

1
I?A In([A]) [?R In([R])
Ra = 1H/a ([K%])M Re L ([K%] }
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d
in terms of protein dynamics —-[pi] = a; — B; - [pi]

a; = ap; - [mj] =a,imy;-R; =ag;i-Gi

Bi = .Bp,i + 2 L max rate: G; = R;/ max(R;)

consider tsx init control only (for simplicity),

: i, o [RNAP]
with [mf] = am,O:Pi/ﬁm,i =my; R my; = moz Ay

" Bmi  Kes
Ing Ing
| A A | = A
slope <nyp . E
E capacity: f, |slope| < ng = capacity: fz
1/](14 ; IZf‘R ;
1 In([A)]) 1 In([R])
K, Kr
() o ()
9A=RA/fA=W gR=:RR=W
1+ () 1+ ()
10
1+ £ (IR1/ K,)"
2. Negative autoregulation InGr g, - S (LR ,1)
(a very common network motif) | I+ ([RJ / KR)
BIR) aq
1/
d = 1
E[R] = aoGr([R]/Kr) — B[R] [R] In([R])

Kr
assume circuit ‘properly’ biased: Kz > [R]* > fo/"Kp or Kp < ao/B < Kefi'"
[R]* ( a )1/(n+1)
Kr — \BKg
=>» general dependence of parameters on cellular physiology:
p = dilution due to cell growth; can vary ~10x
o > 2-fold change thru cell cycle (gene dosage, Rb conc, etc)
also strongly dependent on growth rate
=>» complex circuits usually cannot tolerate wildly floating operation points
=> expect [R]"/Ky to be insensitive to parameters (i.e., homeostatic control)
for large n (cooperative repression)

steady stat soln:

11
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3. Positive autoregulation

d
% [A] = a0Ga([Al/Ka) — BA]

* large /), [A]" = basal level
«small oy, [A]" = saturated level
« intermediate /3oy, [4]" has 3 soln

[A]" [A]" = a,/B

history

.... bistable

o
o
o
-----------
o

dependence

[A]" = ao/(BS)

In gA g, =

AlA)

In([4])

K
stability analysis (grgphical):

——
T 1T 0 M

stable unstable stable
fixed pt fixed pt fixed pt

=>» regime of bistability from the
existence of unstable fixed point

— a/p
12
3. Positive autoregulati 1 g, =L (AV/K)
. Fosilive autoreguilation AT T
9 n G4 1+([A]/ K ,)
1 q
d -
— 141 = oG ([4)/Ky) = BIA] ¥
tabilty analysis (analytic) X, In([A])
stabiiity ana y§|s anaiytic): . stability analysis (graphical):
small perturbation: 0A =[A]—-[A] E E E
d d
2 sa=ay 2 sa-p-sa T 1T 07 M
dt d[A] e
G stable unstable stable
= (ao #5([14]*) — '3) -8A=(s*—1)p-6A fixed pt fixed pt fixed pt
where s* = = 1: [ia is the “sensitivity” = regime of bistability from the

[a]*
= 5" > | for bistability

existence of unstable fixed point

13
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3. Positive autoregulation InGg, Y% +(Al/K,)
A

bistability

[

AAl

d |
— 141 = @oGa(1A1/Ky) ~ B1A] ¥
In([4])
Ky
=> solve for regime of bistability (depends on o, f, 1)
p_ft+p" _ o
steady state: o T1tp where p = [A]/Ky;0 = ao/(BK,)

_fH(AVK,)

14

3. Positive autoregulation

d
— (4] = @G ([A1/Ky) = BIA]

Pl =1y pp=110p
= solve for regime of bistability (depends ona, f, n)
p_ft+p" _ _
steady state: == Tp” where p = [A]/K,;0 = ay/(BK,)
use approximate form of G Ino fl'l/”, o
bistability requires p; < p; and p; > p, -7 -
pi=o/f <pp Do<f "
py=0>p, Po>1 L
= bistability favored for n >> 1 and f>1 Inf

15
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3. Positive autoregulation

D 1<o< fln=2

d
— (4] = G2 ([41/Ky) = BIA]

=> solve for regime of bistability (depends on o, f, 1)

-1 + n
steady state: g = f P

typical parameters: n =2, /=20

(actual regime even narrower)
=> need to fine tune parameters

=> not robust to stochasticity, changes in

growth conditions, or even cell cycle

Tp" where p = [A]/Ky; 0 = ay/(BK,)

use approximate form of G Ino i -7
bistability requires p; < p; and p; > p, _-"
pi=0c/f <p, Do<fl\n ’,»’ exact soln
p; =0 >Dp, = o> 1 l === ==
= bistability favored for n >> 1 and f>1 Inf

16

3. Positive autoregulation

9 lfo-iifl—l/n:jz

d
— (4] = @G ([A1/Ky) = BIA]

iy In
Prediction and measurement of an autoregulatory 4
genetic module

Farren J. Isaacs*¥, Jeff Hasty™¥, Charles R. Cantor*, and J. J. Collins*$ -

typical parameters: n =2, =20

(actual regime even narrower)
=>» need to fine tune parameters

=>» not robust to stochasticity, changes in

growth conditions, or even cell cycle

-
1-1/n .~
”

-
”

-- get coexistence (but not bistability) in narrow parameter regime
A Experiment (GFP)

_- - c exact soln
7714-7719 | PNAS | June24,2003 | vol.100 | no.13 [ ZR S R
-- activator = temperature sensitive mutant of CI Inf
-- change B (hence ¢ =a/(BK 4)) by changing temperature

o

Oy = =i = ocle 42°C

g //'\\ 35°C |g ./-._‘ 3c‘ 'f\ agc| | p.\ ECN Hs 40|, arol’

ry J \\\ 4 ] \ |/ 2| j 2 X \

5 Vi

3 serw T 2% L 50 10 15 200 20 T L) T W o T U R R

FP AU.) GFP (AU, FP (AU, FP (A.U.) GFP Fluorescene (A.U., FP Fluorescene (A.U.) GFP Fluorescens (A.U)

Gl Gi G Gl Gi G G
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Development of Genetic Circuitry Exhibiting NtrB-con
Toggle Switch or Oscillatory Behavior

in Eschrihiacoll o h@
N/

Mariette R. Atkinson,! Michael A. Savageau,*
Jesse T. Myers,>* and Alexander J. Ninfa'*

Cell, Vol. 113, 597-607, May 30, 2003,

ginAp2
d
— 4] = 4G ([41/Ky) = BIA] | [tacO | LacO[|  ginG >
« use the highly cooperative 2 000 | . .
of E. coli A U
« use mutant controller to g + ¢
insulate from cellular control o
+ add for tuning «, £ . .
g
= bistability (history-dependence) 3'F 1 P 1
at intermediate IPTG levels S e
1 0 PTG uM 100 1000

= makes use of special protein:
-- difficult to characterize
-- affects physiology

18

Auto-activation by coop stability [Buchler et al, PNAS 2005]
10

]
o
b o fEEEE
‘ “ ’ ‘ ' 10”10’ ‘0’ . 0 10 KaMl
I K, t a Gy => high state dominated by dimers
T 11 m A S (instead of useless monomers)
Oa promoter gene a => bistability for a broad range of Ka
(evolvable circuit)
slope 1 mmmdp

d
It [A] = aoGa([Al/K,)

—(BulAr] + 28, 142]) . tn Ga

steady state: slope <7

aoGa([Al/K,) SRR

slope 0.5

= bistability may be achieved

even with » = 1 and for small

19
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4. Oscillators
/SN

“Repressilator”
* a.k.a. ring-oscillator

(with protein degradation tags)
» modeling gives oscillation for
sufficiently cooperative repression

A synthetic oscillatory network

of transcriptional regulators

Michael B. Elowitz & Stanislas Leibler pSC101

l_ NATURE | VOL 403 | 20 JANUARY 2000

a Repressilator Reporter

-lite
P.tet01
kan®?
gfo-aav
APg

lack-lite
ColE1

P,laco1l

—J
Ptet01

* oscillation observed; but noise abound

* uses only transcriptional repressors . ot typically seen in bacteria or euk

Time (min)

d[R]
Ttl = 'gRl([Rz])_ B[R]
d[R,] 100 fee

~ =0, G ([R1)- B, [R,]

32> gl
d[R §5
%:%.Q’R}([RZ])_@.[R}] 23 wof
B R D S I
0 100 200 Timaeo(()min) 400 500 600
22
Predator-prey oscillators d[A]

let 64 = [A] — [A]",8R = [R] — [R]”

Im{A}=0
Im{A} #0, Re{A} <0

dt
Qe |m

linear stability analysis around [A]’,[R]’, such that {

a-G,(141)- G, (LR1)- B-[4]
a-G,([4])-B-[R]

a-G,(141)- G, ([RT )= B-L4T
-G, ([41')=B-[RY

d 1847 _ si—1 —s;‘;[A]*/[R]*] 5A

then E[SR] =B L;[R]*/[A]* 1 s
h . dIngG, . dIngGp
where s; = ———— , Sp = ———x

dIn[A] (Al dIn[R] [R]*

try 84 ~ e?t,5R ~ e*t, getd = g [sj{ -2+ \/(sj —2)2 — 4s;s5 ]
no oscillation

damped oscillation

Im{A} #0, Re{A} >0 amplifying oscillation < Sz > 2, sz > (s; — 2)?/(4s;)

23
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Predator-prey oscillators di4] _ a-G,([4])- G, ([R1)- B-[4]

dt
d[R]
Qxa 7=a'9A([A])—ﬂ~[R]

solve for regime of oscillation:

assuming that instability occurs for s; > 2 and s;, > (s — 2)2/(4s4)
then @, =([41/K,)" for ;""" < [4]/K, <],

G, =([R1/K,)™ for f;"*>[R]/K,>1
steady-state (with 0 = o / BK, taking K , = K, for simplicity):

G«([A]*/K)HA =[R] /K

—ng

o ({41 /K)" ([RT/K) " =[4] /K

. : . 1+1/[n,(n,-1)] [14+n,(n,-1)]/n
solnex1st1fnR>l,and1<0<m1n{fA T f ’*}

for large n, and n,, unstable (osc) regime is 1 <0 < min{ L1 }

24

Predator-prey oscillators d[A]

a-G,([41)- G, ([R1)- B-[4]

dt
'Q:G Mg, (1) - p 1

phase diagram (fs = fx = 100, ny = ng = 4) stream plot

>
)
o
® =)
oscillatory
no oscillation ol o e
i N\
for large n, and n,, unstable (osc) regime is 1 <0 < min{ i ;A }
25
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Predator-prey oscillators

ginAp2

—

[LacO | [NirC~P] LacO||  ginG

@ e

Development of Genetic Circuitry Exhibiting

Toggle Switch or Oscillatory Behavior |

[NtrC~P] | lacl

in Escherichia coli
Mariette R. Atkinson,' Michael A. Savageau,*
Jesse T. Myers,%* and Alexander J. Ninfa'*
Cell, Vol. 113, 597-607, May 30, 2003,

and repressors (Lacl)
» population shows up to 4 cycles

dt K

A

A

» uses transcriptional activator (NtrC on g%*)

» damped oscillation (Lacl-CFP fusion) BIE so\&
Time (hr)
d[R A e
[]:aR.g’Al[[]J_BR,[R] .

ad]_ o [ o [A]_g
dt _aA gAz[K]gR[KJ ﬁA [A]

) Pl Y o
F W
5

g & 8 8

W e 0w 2w

CFP (arbirary units)

" °
- " .
. d -~

200 '.-.."v'\r v

[Galactosidase (Miller units)
.
.,
.

g

H

[
/

coll number
(RN

o)

ona)
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Predator-prey oscillators

Circadian clocks
limited by noise

» amplitude & period of oscillation
not determined by stability analysis

« typically period controlled by a slow step
= relaxational oscillator

» amplitudes by binding affinities

NATURE | VOL 403 | 20 JANUARY 1999 |
Naama Barkai, Stanislas Leibler Inert

Dimer

- ®-0"8

? ? Positive
element, A
| !
! ‘ l - @ B
BL;’ BL:,’ Repressed Repressor
Negetive is recycled
element, R

27
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Predator-prey oscillators

‘@ ®

Vol 456|27 November 2008 |doi:10.1038/nature07389

A fast, robust and tunable synthetic gene oscillator

Jesse Stricker'*, Scott Cookson'*, Matthew R. Bennett">*, William H. Mather', Lev S. Tsimring® & Jeff Hasty'*

» amplitude & period of oscillation
not determined by stability analysis

« typically period controlled by a slow step
= relaxational oscillator

» amplitudes by binding affinities

Pliaco-1 ETG

Puiaco-1

R

L wmme

a + Arabinose b 12E-Il-] I NI =
3
o )
e [ mmme ¢,
2
o
- IPTG § 4
= e T
T 1 0 60 120 180

activation not even
necessary!

0 60 120 180
Time (min)

28

Predator-prey oscillators

‘@ @

» amplitude & period of oscillation
not determined by stability analysis

« typically period controlled by a slow step
= relaxational oscillator

» amplitudes by binding affinities

Vol 45627 November 2008|doi:10.1038/nature07389

A fast, robust and tunable synthetic gene oscillator

Jesse Stricker'*, Scott Cookson'*, Matthew R. Bennett">*, William H. Mather', Lev S. Tsimring? & Jeff Hasty'*

Folded
Monomer

unfolded delay in repression crucial
(x)(/,oO& protein y P

4 d[Rlza.gR([R]f]-y- [

| ! dt K +R,

Tetramer \>/ _ Repressor /mRNA —> T — ; ,—)
overshoot ‘ saturated proteolysis
due to delay |}

5 150 ,’L 4‘\ "'u ’\I /
2 Vol | e d[R]
@ \ \ | |1 —_— = —’J/
A AR AN AN {f dt
AEANAYA
sor IJ \ | ,{r \, }4' \[ linear discharge (slow)
o0 - 5 :_J 15 \J20
time
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