
1

cell volume: 𝑉

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

𝛽",!
conc of genes, mRNAs, proteins
𝑔! = 𝑁%,!/𝑉
𝑚𝑅! = 𝑁"&,!/𝑉
𝑃! = 𝑁$,!/𝑉

# mRNA: 𝑁"&,!

# proteins: 𝑁',!

λ
𝛼$,!𝛼",!

𝛼",!

# promoter/gene: 𝑁%,!

𝑔0 = 𝜌1/𝑚1 𝑒23(45)

∝ 𝑒23((7/9)(1.9<45*)

Growth-rate dependence of gene expression 

𝑃! ∗ = 𝑔!
𝛼",!𝛼$,!
𝛽",!𝜆

steady-state protein conc

! follow the growth dependence of each parameter
! can’t predict the GR dependence of unreg. genes 

26

C. translational efficiency (𝛼=,0)

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

strategy (for culture in steady state):
• obtain “proteome fraction” by mass spec: 𝜙! = 𝑃! ∗/ 𝑃 ∗

• obtain “transcriptome fraction” by RNA-seq: 𝜓! = 𝑚𝑅! ∗/ 𝑚𝑅 ∗

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝜙!

𝜓! 𝜙!/𝜓!

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

= 𝛼$,!/𝛼$
! 𝜙! ≈ 𝜓! for different conditions!

! 𝛼$,! ≈ 𝛼$, i.e., similar translation efficiency for most genes!!
! majority of mRNAs look alike to ribosomes

R. Balakrishnan, M. Mori et al, Science (2022)

,
!

𝜙!

𝜓!

27
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𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

strategy (for culture in steady state):
• obtain “proteome fraction” by mass spec: 𝜙! = 𝑃! ∗/ 𝑃 ∗

• obtain “transcriptome fraction” by RNA-seq: 𝜓! = 𝑚𝑅! ∗/ 𝑚𝑅 ∗

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

! 𝜙! ≈ 𝜓! for different conditions!

! 𝛼$,! ≈ 𝛼$, i.e., similar translation efficiency for most genes!!
! majority of mRNAs look alike to ribosomes

,
!

! 𝜙! ≈ 𝜓! for different conditions!

𝜙
or

 𝜓

O Protein 
X mRNA

Δ𝜙

Δ𝜓

acs

Δ!
"/Δ!

#

nu
m

be
r o

f g
en

es

vast majority < 2x

post-tsx
regulation

C. translational efficiency (𝛼=,0)

28

genes showing differential regulation of mRNA and proteins

! 𝜙! ≈ 𝜓! for different conditions!

! 𝛼$,! ≈ 𝛼$, i.e., similar translation efficiency for most genes!!
! majority of mRNAs look alike to ribosomes

! 𝜙! ≈ 𝜓! for different conditions!
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𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

Topic 5: Global effects of gene expression 

𝑑
𝑑𝑡 𝑚𝑅! = 0 ⇒ 𝑚𝑅! ∗ =

𝛼",!
𝛽",!

[𝑔!]

𝛼",! = mRNA synthesis rate/promoter
𝛽",! = mRNA degradation rate
𝛼$,! = protein synthesis rate/mRNA
𝜆 = cell growth rate (proteins stable)

Description of individual genes: transcriptional regulation
𝛼",! = 𝛼",- ⋅ 𝒫! … = 𝛼",-

𝑅𝑁𝐴𝑃 ./
𝐾',!

⋅ ℛ! …

⇒
𝑑
𝑑𝑡 𝑃! = 𝛼$,! ⋅ 𝑚𝑅! ∗ − 𝜆 ⋅ [𝑃!]

𝛼! protein synth. flux
(aka “promoter activity”)

× mRNA, C-lim
× mRNA, R-lim
○ protein, C-lim
○ protein, R-lim

RbsB

Puzzles:
• mRNA level is thought to reflect 

“promoter activity”; why not??
• where did the dilution effect go? 
! much simpler job for gene regulation if true  
! how does E. coli do it? 

30

Q: source of constraint on the total flux of protein synthesis 𝛼$ 𝑚𝑅 ∗ ?
! mRNA abundance nearly matched to the growth rate
! translational initiation rate 𝛼$ nearly growth independent

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

,
!

C. translational efficiency (𝛼=,0)

! 𝑚𝑅 ∗ ~ 𝜆 𝛼$ ~ 𝑃 ∗ ≈ const

𝜆 𝑃! ∗ = 𝛼$,! 𝑚𝑅! ∗
reexamine protein synth flux (‘promoter activity’)

≈ 𝛼$ ⋅ 𝜓! ⋅ 𝑚𝑅 ∗

since 𝛼$,! ≈ 𝛼$ for typical genes 

!protein synth flux does not give promoter activity 
(dominated by GR itself)
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𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

,
!

C. translational efficiency (𝛼=,0)

total flux of protein synthesis: 

𝜆 𝑃 ∗ ⋅ 8ℓ = 𝜀 ⋅ 𝑅𝑏 .01
∗ ⇒ 𝛼$ 𝑚𝑅 ∗ ⋅ 8ℓ = 𝜀 𝑅𝑏 .01

∗ ⇒
𝛼$ ⋅ 8ℓ
𝜀 =

𝑅𝑏 .01
∗

𝑚𝑅 ∗

ℓ!

[avg protein length: ℓ ≡ ∑! ℓ!𝜙! ]

protein synthesis flux:
𝜆 𝑃! ∗ ⋅ ℓ! = 𝜀 ⋅ 𝑅𝑏 .01

∗

32

total flux of protein synthesis: 

𝜆 𝑃 ∗ ⋅ 8ℓ = 𝜀 ⋅ 𝑅𝑏 .01
∗

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

,
!

⇒ 𝛼$ 𝑚𝑅 ∗ ⋅ 8ℓ = 𝜀 𝑅𝑏 .01
∗ ⇒

𝛼$ ⋅ 8ℓ
𝜀 =

𝑅𝑏 .01
∗

𝑚𝑅 ∗

C. translational efficiency (𝛼=,0)

𝑅𝐵 .01
∗ : 𝑚𝑅 ∗ ≈ 3.7

av
g
ts
li
ni
tr
at
e

𝛼 $
(𝑠
%
& )

[Dai et al, Nat Microb. (2017)]

𝜀: 𝛼$ ≈ 200 𝑛𝑡

! const Rb density on mRNA
(across conditions & mRNAs)
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𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

,
!

C. translational efficiency (𝛼=,0)

! const Rb density on mRNA
(across conditions & mRNAs)

glucose 
𝜆 = 0.9/ℎ

mannose 
𝜆 = 0.35/ℎ

𝑑 ≈ 200𝑛𝑡𝑑'() ≈ 50𝑛𝑡

physical 
occlusion

rho-mediated
premature
termination

𝑑 ≈ 200𝑛𝑡
𝑑'*+ ≈ 1000𝑛𝑡

34

Quantitative study of tsx processivity
Dai et al, Nature Microb. (2019)
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Q: source of constraint on the total flux of protein synthesis 𝛼$ 𝑚𝑅 ∗ ?
! mRNA abundance nearly matched to the growth rate
! translational initiation rate 𝛼$ nearly growth independent

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

steady state: 
𝛼$,! 𝑚𝑅! ∗ = 𝜆 𝑃! ∗

𝛼$ 𝑚𝑅 ∗ = 𝜆 𝑃 ∗

with mean 𝛼$ ≡ ∑! 𝛼$,!𝜓!

𝛼$,!
𝛼$

=
𝜙!
𝜓!

,
!

C. translational efficiency (𝛼=,0)

Next: how is mRNA abundance set?  

𝑚𝑅! ∗ = 𝛼",! 𝑔! /𝛽",! (via synthesis or turnover?)

36

mRNA turnover (𝛽U,0)
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

• stop initiation of transcription at ‘t = 0’  (rifampicin)
• measure mRNA abundance for t > 0 (RNA-seq)
• fit to delayed exponential decay (only relative abundance required):

𝑚𝑅! 𝑡 = 𝑚𝑅! 0 ⋅ 𝑒23,,.⋅(121/,.)

37



7

mRNA turnover (𝛽U,0)
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

• stop initiation of transcription at ‘t = 0’  (rifampicin)
• measure mRNA abundance for t > 0 (RNA-seq)
• fit to delayed exponential decay (only relative abundance required):

𝑚𝑅! 𝑡 = 𝑚𝑅! 0 ⋅ 𝑒23,,.⋅(121/,.)

weakly dependent on gene and condition
! 𝛽",! ≈ �̅�",! ≡ ∑! 𝛽",!𝜓! ≈ 0.5/min

fold-change in 𝛽0,!mRNA degrad. rate 𝛽0,! (1/min)

38

fold-change in 𝛽0,!mRNA degrad. rate 𝛽0,! (1/min)

detour: 
• huge burstiness typical:  𝛼$,!/𝛽",! ~ 20
• post-tsx regulation

(change in mRNA turnover: signature of sRNA and protein regulation)

mRNA turnover (𝛽U,0)
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

burstiness 𝛼$,!/𝛽0,!

39
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fold-change in 𝛽0,!mRNA degrad. rate 𝛽0,! (1/min)

detour: 
• huge burstiness typical:  𝛼$,!/𝛽",! ~ 20
• post-tsx regulation

(change in mRNA turnover: signature of sRNA and protein regulation)

mRNA turnover (𝛽U,0)
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

FlhD
○ ref. 𝛽!,# : 1.41/min
○C-lim. 𝛽!,# : 0.60/min

40

mRNA turnover (𝛽U,0)
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

• stop initiation of transcription at ‘t = 0’  (rifampicin)
• measure mRNA abundance for t > 0 (RNA-seq)
• fit to delayed exponential decay (only relative abundance required):

𝑚𝑅! 𝑡 = 𝑚𝑅! 0 ⋅ 𝑒23,,.⋅(121/,.)

weakly dependent on gene and condition
! 𝛽",! ≈ �̅�",! ≡ ∑! 𝛽",!𝜓! ≈ 0.5/min

fold-change in 𝛽0,!mRNA degrad. rate 𝛽0,! (1/min)

! GR-dependence of total mRNA abundance
must come from mRNA synthesis (𝛼",!)

41
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focus on mRNA synthesis (𝛼U,0): 
𝛼",! 𝑔! − 𝛽",! 𝑚𝑅! ∗

constancy of �̅�",!: change in total mRNA abundance 𝑚𝑅 ∗ from 𝐽"&

steady-state:

total mRNA synthesis flux:

𝐽"& ≡ ∑! 𝛼",! 𝑔! = �̅�" ⋅ 𝑚𝑅 ∗

! total mRNA synthesis flux tuned to match the translational capacity 

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

42

model of transcriptional regulation:

ℛ!( 𝐴 , 𝐵 , … ) 𝑅𝑁𝐴𝑃 ./

𝐾$,!

𝛼",! = 𝑅𝑁𝐴𝑃 ./ ⋅ 𝛼",-ℛ!( 𝐴 , 𝐵 , … )/𝐾$,!

𝑘!( 𝐴 , 𝐵 , … )

𝐽"& = ∑! 𝛼$,! 𝑔! = 𝑅𝑁𝐴𝑃 ./ ⋅ ∑! 𝑔! 𝑘!

𝛼",-

promoter on-rate "

focus on mRNA synthesis (𝛼U,0): 
𝛼",! 𝑔! − 𝛽",! 𝑚𝑅! ∗steady-state:

total mRNA synthesis flux:

𝐽"& ≡ ∑! 𝛼",! 𝑔! = �̅�" ⋅ 𝑚𝑅 ∗

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

43
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model of transcriptional regulation:

ℛ!( 𝐴 , 𝐵 , … ) 𝑅𝑁𝐴𝑃 ./

𝐾$,!

𝛼",! = 𝑅𝑁𝐴𝑃 ./ ⋅ 𝛼",-ℛ!( 𝐴 , 𝐵 , … )/𝐾$,!

𝑘!( 𝐴 , 𝐵 , … )

𝐽"& = ∑! 𝛼$,! 𝑔! = 𝑅𝑁𝐴𝑃 ./ ⋅ ∑! 𝑔! 𝑘!

𝛼",-

promoter on-rate "

focus on mRNA synthesis (𝛼U,0): 
𝛼",! 𝑔! − 𝛽",! 𝑚𝑅! ∗steady-state:

total mRNA synthesis flux:

𝐽"& ≡ ∑! 𝛼",! 𝑔! = �̅�" ⋅ 𝑚𝑅 ∗

𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

• RNAP components GR-independent
• anti-sD factor Rsd upregulated 

as growth slows down
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44

! Rsd expression significantly affects
the rate of total mRNA synthesis 

! 𝚫rsd strain exhibits growth defect
in proportion to its expression level in WT

! Rsd titrates the pool of available RNAP
to match tsx output with tsl capacity
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𝛼! 𝑔! = 𝛿![𝑚𝑅!]steady-state:

Summary
𝛼",! 𝑔! = 𝑅𝑁𝐴𝑃 ./ 𝑔! 𝑘! = �̅�",! 𝜓![𝑚𝑅]

! 𝜓! ∝ 𝑔! ⋅ 𝑘!

i.e., protein conc set “directly”
by transcriptional regulation,
approximately independent of 
changes in growth rate

! 𝜙! ≈ 𝜓! ∝ 𝑔! ⋅ 𝑘!

constitutive expression (𝑘!=const)
" expect 𝑃! ∝ 𝑔! ∝ 𝑒27.89<

• Ptet:gfp at oriC (𝑥! = 0)
• Ptet:gfp at terC (𝑥! = 1)

𝜆𝑇0 ≈
:
;
⋅ 0.3 + 𝜆𝑇- , 𝑇- ≈ 1 ℎ

! [𝑃0] ∝ 𝑔0 ⋅ 𝑘0

focus on mRNA synthesis (𝛼U,0): 
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

48

𝛼! 𝑔! = 𝛿![𝑚𝑅!]steady-state:

Summary
𝛼",! 𝑔! = 𝑅𝑁𝐴𝑃 ./ 𝑔! 𝑘! = �̅�",! 𝜓![𝑚𝑅]

! 𝜓! ∝ 𝑔! ⋅ 𝑘!

i.e., protein conc set “directly”
by transcriptional regulation,
approximately independent of 
changes in growth rate

! 𝜙! ≈ 𝜓! ∝ 𝑔! ⋅ 𝑘!

! [𝑃0] ∝ 𝑔0 ⋅ 𝑘0

focus on mRNA synthesis (𝛼U,0): 
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

Global survey of relation 
between [𝑃0] and 𝑘0

[𝑃
!]

(in
 𝜇
𝑚
%
= )

[𝑔!]𝑘! (in ℎ%&)

𝐹𝐶 𝑃! /𝐹𝐶( 𝑔! 𝑘!)

49
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𝛼! 𝑔! = 𝛿![𝑚𝑅!]steady-state:

Summary
𝛼",! 𝑔! = 𝑅𝑁𝐴𝑃 ./ 𝑔! 𝑘! = �̅�",! 𝜓![𝑚𝑅]

! 𝜓! ∝ 𝑔! ⋅ 𝑘!

i.e., protein conc set “directly”
by transcriptional regulation,
approximately independent of 
changes in growth rate

! 𝜙! ≈ 𝜓! ∝ 𝑔! ⋅ 𝑘!

! [𝑃0] ∝ 𝑔0 ⋅ 𝑘0

focus on mRNA synthesis (𝛼U,0): 
𝑑
𝑑𝑡 𝑚𝑅! = 𝛼",! 𝑔! − 𝛽",![𝑚𝑅!]

𝑑
𝑑𝑡 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

In general, 

𝜙0 ≈ 𝜓0 ≈
𝑔0 ⋅ 𝑘0

∑0 𝑔0 ⋅ 𝑘0

“quantitative central dogma”

! [𝑃!] ∝ 𝑔! ⋅ 𝑘! from fixed ∑! 𝑔! 𝑘!
! approx. obtained for WT cells

! not always true for mutants

50

Factors affecting protein concentrations
(steady state carbon limitation)  
variation in 𝐹𝐶 PI = PI

JKLM : PI
NOJP

• gene dose: negligible
• mRNA stability: negligible
• translational efficiency: 30%
• promoter on-rate:  10-fold 

! genes “born” into different expression classes 
! expression level set largely by basal promoter on-rate 𝑘!

(with help from translation eff and mRNA stability for the highest expression class)
! range in basal rates >> tsx regulation >> post-tsx regulation

variation in [Pi]
• gene dose: negligible
• mRNA stability: 2-fold
• translational efficiency: 3-fold
• promoter on-rate: 100-1000 fold 
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𝑚𝑅!
𝛼$,!

𝜆

𝑔! 𝑃!

𝛽",!

𝛼"&,!

Summary: from DNA to protein

𝑃!
𝑃 ≈

𝑚𝑅!
𝑚𝑅 ≈

𝑘! 𝑔!
∑< 𝑘<[𝑔<]

• Rsd as coordinator of transcription and translation
• mRNA as proxy for protein (~200nt per ribosome)
• extremely high burstiness (~20 for typical genes) [cf: Hausser et al, 2020] 

• general promoter entanglement thru GR dependence of ∑< 𝑘<[𝑔<]

Canonical model for gene expression

𝑃! =
𝛼$,!
𝛽",!

𝑔! 𝛼"&,!
𝜆

[
=
=1[𝑚𝑅!] = 𝛼"&,! 𝑔! − 𝛽",![𝑚𝑅!]

=
=1 𝑃! = 𝛼$,! 𝑚𝑅! − 𝜆 [𝑃!]

steady-state:

Principles of gene expression (E. coli)
0) predominance of basal tsx level in defining expression classes
1) uniformity and constancy of mRNAs in translation and degradation
2) coordination of total mRNA synthesis flux with translational capacity

=
𝛼$,!
𝛽",!

𝑅𝑁𝐴𝑃 ./ 𝑔! 𝑘!
𝜆

! connection from promoter to protein conc:
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