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PRb

χR
χP 

let χR be the fraction of Rb synthesizing Rb

⇒    λ = χR ⋅ γ

QχQ ! fR = χR(a*)

Simple 3-component model of bacterial growth

φR = φR
max ⋅

ν (a*)
ν (a*)+γ (a*)

λ = γ (a*) ⋅φR

"

#
$

%
$

a

g (a) gmax

Kg

a

nmax

Kn

n (a)

𝜆 ⋅ 𝑀!" = 𝜒! ⋅ 𝜀 ⋅ 𝑁!"#$% = 𝜒! ⋅
𝜀

𝑚!"
𝑓#$% ⋅ 𝑀!"

𝛾 translational activity 

• maximal 𝜆 if 𝜈 𝑎∗ ≈ 𝜈'#(, 𝛾 𝑎∗ ≈ 𝛾'#(;
but observed 𝛾 < 𝛾'#(

• any AA could be growth-limiting; origin of
the universality of GR-dependent response
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χR
χP 

let χR be the fraction of Rb synthesizing Rb

⇒    λ = χR ⋅ γ

QχQ ! fR = χR(a*)

Simple 3-component model of bacterial growth

𝜆 ⋅ 𝑀!" = 𝜒! ⋅ 𝜀 ⋅ 𝑁!"#$% = 𝜒! ⋅
𝜀

𝑚!"
𝑓#$% ⋅ 𝑀!"

𝛾 translational activity 
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0.2

0.3
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R
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A/
pr
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n 
 ∝
f R

growth rate l (1/h)

𝜙! = 𝜙!,* + 𝜆/𝛾*
𝛾
𝛾*
=

𝜆
𝜆 + 𝜆*

; 𝜆* ≡ 𝛾*𝜙!,* ≈ 0.35/ℎ

! reduction in 𝛾 for slow growth due to 
-- reduction in 𝜀:
-- reduction in 𝑓#$%:  

slow kinetics of TC

tra
ns

la
tio

na
l e

lo
ng

. 
ra

te
 𝜀

(a
a/

s)

growth rate 𝜆 (h-1)

keep Rb reserve

! qualitative; difficult to move forward
(due to the lack of additional constraint 
or optimality principle)

• maximal 𝜆 if 𝜈 𝑎∗ ≈ 𝜈'#(, 𝛾 𝑎∗ ≈ 𝛾'#(;
but observed 𝛾 < 𝛾'#(
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𝑔 = 𝑔* ⋅
𝜀'#(
𝜀

− 1• ppGpp senses transl. elong. rate

• ppGpp represses Rb synthesis 𝜙! 𝑔 =
𝑎
𝑔

• ppGpp activates Rb hibernation 𝜙!+,#$% 𝑔 = 𝑏 ⋅ 𝑔

• linearity: 𝜀 𝜆 → 0 = -
.
𝜀'#(

Recovers…
• ribosome growth law: 𝜙! = 𝜙!,* + 𝜆/𝛾*

with 𝜙!,* = 𝑎/𝑔* and 𝛾* = 𝜀'#(/𝑚!"

• Michaelis relation of ER on Rb abundance:

𝜀 = 𝜀'#(
1 + 𝜆/𝜆*
2 + 𝜆/𝜆*

• GR-dependence of ER:

𝜀 = 𝜀'#(
𝜙!

𝜙! + 𝜙!,*

• inverse dependence of 𝑔 on GR:
𝑔 =

𝑔*
1 + 𝜆/𝜆*

𝑏 = 𝑎/𝑔*.
𝑔 𝜆 = 0 = 𝑔*

𝜆* = 𝛾*𝜙!,*

ppGpp-mediated model of growth control:

0.0

0.1

0.2

0.3

0 0.4 0.8 1.2

R
N

A/
pr

ot
ei

n 
 ∝
f R

growth rate l (1/h)

𝜙! = 𝜙!,# + 𝜆/𝛾#

= 𝜙!,* ⋅
𝑔*
𝑔 = 𝜙!,* ⋅ (1 + 𝜆/𝜆*)

= 𝜙!,* ⋅
𝑔
𝑔*

=
𝜙!,*

1 + 𝜆/𝜆*
• relation to growth rate:

[cf flux sensing/control]
𝜆 = 𝜀(𝑔) ⋅ 𝜙! 𝑔 − 𝜙!+,#$% 𝑔

𝜙! ⋅ 𝜙!+,#$% = 𝜙!,*.
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− 1• ppGpp senses transl. elong. rate

• ppGpp represses Rb synthesis 𝜙! 𝑔 =
𝑎
𝑔

• ppGpp activates Rb hibernation 𝜙!+,#$% 𝑔 = 𝑏 ⋅ 𝑔

• linearity: 𝜀 𝜆 → 0 = -
.
𝜀'#(

Recovers…
• ribosome growth law: 𝜙! = 𝜙!,* + 𝜆/𝛾*

with 𝜙!,* = 𝑎/𝑔* and 𝛾* = 𝜀'#(/𝑚!"

• Michaelis relation of ER on Rb abundance:

𝜀 = 𝜀'#(
1 + 𝜆/𝜆*
2 + 𝜆/𝜆*

• GR-dependence of ER:

𝜀 = 𝜀'#(
𝜙!

𝜙! + 𝜙!,*

• inverse dependence of 𝑔 on GR:
𝑔 =

𝑔*
1 + 𝜆/𝜆*

𝑏 = 𝑎/𝑔*.
𝑔 𝜆 = 0 = 𝑔*

𝜆* = 𝛾*𝜙!,*

ppGpp-mediated model of growth control:

= 𝜙!,* ⋅
𝑔*
𝑔 = 𝜙!,* ⋅ (1 + 𝜆/𝜆*)

= 𝜙!,* ⋅
𝑔
𝑔*

=
𝜙!,*

1 + 𝜆/𝜆*
• relation to growth rate:

[cf flux sensing/control]
𝜆 = 𝜀(𝑔) ⋅ 𝜙! 𝑔 − 𝜙!+,#$% 𝑔

𝜙! ⋅ 𝜙!+,#$% = 𝜙!,*.

Alternative formulation:
• linear Rb law
• Michaelis ER-Rb relation
• 𝜀* =

-
.
𝜀'#(

recovers
• 𝜀 𝜆
• 𝜙!+,#$% 𝜆 ∝ 𝜙! 𝜆

• new constraint
• origin unknown 
• but observed also for

other bacteria examined
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a c

db
growth rate

carbon-limitation 
Cm-inhibition

Cm-inhibition (  )

carbon-limitation (   ) 

step time !"# (in msec) 
 

Consider steps of a translation cycle …

𝜏./011 𝜏23456178420

step time: 𝜀9: = 𝜏./011 + 𝜏23456178420

fastest: 𝜏./011 = 0
𝜀;4<9: = 𝜏23456178420

𝜀!"#
𝜀

− 1

What molecular aspect(s) of translation is ppGpp detecting?

𝑔 = 𝑔* ⋅
𝜀567
𝜀

− 1
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Cm-inhibition (  )

carbon-limitation (   ) 

step time !"# (in msec) 
 

Consider steps of a translation cycle …

𝜏./011,> 𝜏23456178420

𝜀!"#
𝜀

− 1

What molecular aspect(s) of translation is ppGpp detecting?

Flux balance for each codon i : 𝑁>2 ⋅ 𝜏./011,>9: = 𝑁>24 ⋅ 𝜏234569: = 𝑓>𝜆𝑀

∑>𝑁>24𝜏234569: = 𝑁27224 𝜀;4< = 𝑁272482𝜀
𝜀567
𝜀

− 1 =
𝑁%8%#$%

𝑁%8%%#
− 1 =

𝑁%8%%

𝑁%8%%#

𝑁>24𝑁>2

𝑔 = 𝑔* ⋅
𝜀567
𝜀

− 1 = 𝑔* ⋅
𝑁%8%%

𝑁%8%%#

freq of codon i
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Cm-inhibition (  )

carbon-limitation (   ) 

step time !"# (in msec) 
 

Consider steps of a translation cycle …

𝜏./011,> 𝜏23456178420

𝜀!"#
𝜀

− 1

What molecular aspect(s) of translation is ppGpp detecting?

𝑔 = 𝑔* ⋅
𝜀567
𝜀

− 1

Flux balance for each codon i :

= 𝑔* ⋅
𝑁%8%%

𝑁%8%%#

𝑁>2 ⋅ 𝜏./011,>9: = 𝑁>24 ⋅ 𝜏234569: = 𝑓>𝜆𝑀

freq of codon i

𝑁>24𝑁>2

𝜌>24 ≡ 𝑁>24/𝑁>482 𝜌>24𝑁>482 ⋅ 𝜀;4< = 𝑓>𝜆𝑀
𝜀;4<
𝜀

=8
>

𝑓>
𝜌>24

∑>𝑁>482 =
?@
A9:;

∑>
B<
C<
=: =

A⋅D=>=:?=

A9:;
∑>

B<
C<
=:

𝑔 = 𝑔* ∑+ 𝑓+
-
@$
%& − 1 = 𝑔* ∑+ 𝑓+

@$
%

@$
%&

𝜌+%# = F
𝑡𝑎+
𝐾+%#

𝑡𝑎+
𝐾+%#

+
𝑡+
𝐾+%

𝜌+% = F
𝑡+
𝐾+%#

𝑡𝑎+
𝐾+%#

+
𝑡+
𝐾+%

𝑔 = 𝑔*J
+
𝑓+

𝑡+ /𝐾+%

𝑡𝑎+ /𝐾+%#

41

0

1

2

3

4

40 50 60 70 80 90

0

2

4

6

8

0 0.5 1 1.5 2

carbon-limitation 
Cm-inhibition

growth transition

growth rate
0

1

2

3

4

0 0.2 0.4 0.6 0.8 1

Cm-inhibition (  )

carbon-limitation (   ) 

Figure 2

growth rate

10

12

14

16

18

20

0 0.2 0.4 0.6 0.8 1el
on

ga
tio

n 
ra

te
 ("
,$
$/
&)

 
re

la
tiv

e 
el

on
ga

tio
n 

ra
te

 (1
/"
) 

re
la

tiv
e 

pp
G

pp
 ()

) 
 

el
on

ga
tio

n 
ra

te
 ("
,$
$/
&)

 
re

la
tiv

e 
el

on
ga

tio
n 

ra
te

 (1
/"
) 

re
la

tiv
e 

pp
G

pp
 ()

) 
 

re
la

tiv
e 

pp
G

pp
 (!

=
! #
/!

%&
')

 
 

re
la

tiv
e 

pp
G

pp
 (!

=
! #
/!

%&
')

 
 

!"#$
!(&) − 1 
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Cm-inhibition (  )

carbon-limitation (   ) 

step time !"# (in msec) 
 

Consider steps of a translation cycle …

𝜀!"#
𝜀

− 1

What molecular aspect(s) of translation is ppGpp detecting?

𝑔 = 𝑔* ⋅
𝜀567
𝜀

− 1 = 𝑔* ⋅
𝑁%8%%

𝑁%8%%#

𝑁>24𝑁>2

𝑔 = 𝑔*J
+
𝑓+

𝑡+ /𝐾+%

𝑡𝑎+ /𝐾+%#

[Brown et al, Nature 2016]

ppGpp synthesis rate 𝛼 ∝ 𝑁%8%%

ppGpp hydrolysis rate 𝛽 ∝ 𝑁%8%%#

𝑔∗ = 𝛼/𝛽𝑔̇ = 𝛼 − 𝛽 ⋅ 𝑔
Model of ppGpp dynamics:

GDP

ppGpp

-- a way for cell to “track” 𝜀 ?  
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Consider steps of a translation cycle …

𝜀!"#
𝜀

− 1

What molecular aspect(s) of translation is ppGpp detecting?

𝑔 = 𝑔* ⋅
𝜀567
𝜀

− 1 = 𝑔* ⋅
𝑁%8%%

𝑁%8%%#

𝑁>24𝑁>2

𝑔 = 𝑔*J
+
𝑓+

𝑡+ /𝐾+%

𝑡𝑎+ /𝐾+%#

ppGpp synthesis rate 𝛼 ∝ 𝑁%8%%

ppGpp hydrolysis rate 𝛽 ∝ 𝑁%8%%#

𝑔∗ = 𝛼/𝛽𝑔̇ = 𝛼 − 𝛽 ⋅ 𝑔
Model of ppGpp dynamics:

GDP

ppGpp

-- a way for cell to “track” 𝜀 ?  

SpoT

predicted
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𝜀!"#
𝜀

− 1

What molecular aspect(s) of translation is ppGpp detecting?

𝑔 = 𝑔* ⋅
𝜀567
𝜀

− 1 = 𝑔* ⋅
𝑁%8%%

𝑁%8%%#

𝑔 = 𝑔*J
+
𝑓+

𝑡+ /𝐾+%

𝑡𝑎+ /𝐾+%#

Relation between ppGpp level and metabolites (nutrient status)?
Suppose one AA (𝑎∗) is limiting, then the charging ratio of 
the corresponding tRNA would be low, i.e., 𝑡𝑎∗ ≪ [𝑡∗], and 

𝑔 ∝
𝑡∗

𝑡𝑎∗
∝

1
[𝑎∗]

𝜒! 𝑔 ∝ 𝑎∗ → 0

[Note that in steady state, AA synthesis would be redistributed 
to keep 𝑔 < 𝑔* such that 𝜀 > 𝜀* =

A'&(
.

. ]
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Relation between ppGpp level and metabolites (nutrient status)?
Suppose one AA (𝑎∗) is limiting, then the charging ratio of 
the corresponding tRNA would be low, i.e., 𝑡𝑎∗ ≪ [𝑡∗], and 

𝑔 ∝
𝑡∗

𝑡𝑎∗
∝

1
[𝑎∗]

𝜒! 𝑔 ∝ 𝑎∗ → 0

[Note that in steady state, AA synthesis would be redistributed 
to keep 𝑔 < 𝑔* such that 𝜀 > 𝜀* =

A'&(
.

. ]

! the “GR response” is dependent only on the relation between 𝜆 and 𝑔, 
not on what nutrient components drives change in 𝑔

! senses flux rather than conc; essence of dimensional reduction by cells

ε

𝜆 = 𝜀(𝑔) ⋅ 𝜙!#$% 𝑔

𝜙!#$% 𝑔 =
𝑎
𝑔
− 𝑏 ⋅ 𝑔 𝑔

activity-based 
regulation

45

use it or lose it !
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