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C. Cooperativity in Transcriptional Control

1+w-[A]/K,

_alP]
1+[Al/K, B

(m']=0-P/B=m, 5K

m,

~

log-log slope < 1

In [m"] (“sensitivity”)
a)mO q
E max fold change
1 (“capacity”)
my > i v
1 1 In([A])
KA/(}J KA

= K, tunable; w constrained; slope??
= need sensitivity > 1 for nontrivial circuits (later)

. . . X+X =X
1. Dimerization: X" =X, 2
K=[XT/[X,]
(X1, =[X1+2-[X,]
= 1,K[X2]+2[X2] 111[ tot S|ope:']
for [X], < &, [X,]1=[X],, /x
R ;
I+ X0/K, 1+o XL /(kk,) 2
and [m"] o< 22 24 T N —
1+[X,]1/K, 1+[X1,, /(xK,) K In [X>]
In [m"] s requires K, < K
w0 m, — * (strong site, weak dimer)
slope < 2 * most bacterial TFs: k =1 ~ 10 nM
2 X~ [X2],
=>bacteria do not seem to use
this source of cooperativity
=> possible cost: need [X]io > [X2]
my — i.e., lots of (useless) monomers
1 1 1 In([XTio)
\/K'K Lo \/K‘K L




2. Synergistic activation o w,
. /D
RNAp can simultaneously ?
contact two TFs !i K. K. 1x —
(e.g., Crp at positions 5 5 1 - I ]
A1 A2

promoter

-61.5 and -91.5)

statistical weight ¥ for each configuration {o,, 0,, g, }, with gy = [X]/Ky

W(0,0,0)=1 W(©.0.h)=gq,

W,y W(1,0,0)=q,, W, W(1L0.D=w,-q, 49,
W(©0,1,0)=q,, WO.L)=0,q,,q,
W(L,1,0)=q,, 4., WALLD =09, -9, 4,

3-body interaction: w; = w, w, (independent); w; > w, w, (pre-bending by Crp)
tsx level: [m' 1=m,-P(A])

P(AD=W,, W, +W,)=W, W, since P <1

. (I+wg,) - (1+0,q,,)+(@; —0,0,) G4,
(+q,)-(1+4q,4,)

p

2. Synergistic activation

RNAp can simultaneously .
contact two TFs i I« —
(e.g., Crp at positions ' ' 1

-61.5 and -91.5)

4
Ky; % K>
OM OA2

promoter

PUAD = g - L Da) L+ @) + (@5 = 0,0,) G4,
’ (1+q,) (1+4,,)
* for w; = w; w, (no interaction)

l+wgq, l1+w,q,,
p([A])zq . ]q‘\l . hq‘\h

where gy = [X]/Ky

In P

g 1+q, 1+gq,,

capacity of response = w; w,

sensitivity = 2

=> effective Hill form with Hill coeff 2
» for w; > w, w, (positive cooperativity)

capacity of response = ws

w,

. _ 1+ 1w
a great way to boost capacity & sensitivity?
but not widely seen in E. coli Ky Ki
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3. Cooperative activation

widely seen in bacteria; ?
e.g., Pry promoter of phage A Kio I K

(A=Cl) promoter cl
statistical weight W for each configuration {01, 05, 0, }, with gy = [XT/Kx

W(0,0,0)=1 W(0,0,)=gq,
W,y W(1,0,0)=gq, W wW1,0,1)=q,,q,
9] on
w(0,1,0)=gq,, WO,1,D=0,,-94, 9,
WLLO) =y, 4, ga WAL=, ®,, q4 94,4,
(3-body interaction insignificant!)
PIAY =W, /W q, l+q, + W, ,q 4, T 0,0,,9 4,94,
1+ g, + G0, + 019,94,
K A AT
l+[a)2p+*‘2]-[ I +0,0,, [A]
K, A2 K, K

= qp . >
1+(1+KA2J- LA] +o, 4]
Al KAZ KAIKAZ

3. Cooperative activation

(0] W2y
AN\,
widely seen in bacteria; K ?
e.g., Prm promoter of phage A Kai KA‘-’ . I Ky . >

(A=Cl) O On2 promoter cl

parameter dependence? (universal problem for g-bio)
— K, = (i.e., remove O, site)

1+o,,[Al/K,,

PAAD =4, = ATk

l+gq, + W,,q,, + 0,0, ,4,,9,,
1+q, + 94, + 0,949,

K A AT
1+(a)2p K’”J-[]+wnw2p [A]

P(AD=W,, W, =gq,

=C] . Al A2 KAIKAZ
: K A AT
1+[1+ ERN ]+a)12 4]
Al KAZ KAIKA2
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3. Cooperative activation ‘“

widely seen in bacteria; ?

e.g., Pry promoter of phage A Kio I K
(A=Cl)

promoter cl

parameter dependence? (universal problem for g-bio)
— K4, = (i.e., remove Oy site) —Kx =0 (i.e., fix Ato Oas site)

single site with K, 2 K /0,
I+, [A]/K,,

— intermediate K,;: capacity fixed (w,,); can at most have a steeper slope

l+w,0, [A]/ K
P([A]) ~ q/) . p A ~ . 1292 p A2
1+[A]/K,, (4D =g, 1+w,[A]l/K,,
npP o
g ’ -
/ /
// // Wap
- / - / I
|
1 1 In([4])
Kyl 01y K

3. Cooperative activation

(0] W2y
AN\,
widely seen in bacteria; K ?
e.g., Prm promoter of phage A Kai KA‘-’ . I Ky . >
O Oaz

(A=Cl) promoter cl
1+, ([Al/K)
1+([A)/K)

ifC()lz > a)zp > 1 and KA2 ZKAI = KAZ/ C()zp

In P

can show that P([A]) = ¢

where K =K, K,, /0,

P parameters for Pgy promoter:
slope <2, w1~ 100, w,,~ 10,
4 U)2p KAZ/KAl: 25
— close to the optimal range
— < > — sensitivity = 0.93 limited by «,),
1 ﬁ 1 1 In([4]) (single-site sensitivity: 0.54)
Kol w1p K Kgplwyy Ky Kyp

—need to increase both »,and w,, for more sensitivity
— much larger w;, may be a problem for TF-DNA dynamics
— is a slightly larger sensitivity really significant physiologically??
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4. Cooperative repression

e.g., Pr promoter of phage A Ko Kz, |—>
R=ClI
( ) Or2 Ori1 cro
promoter

statistical weight ¥ for each configuration {0,, 0, g, }, with gy = [X]/Ky

W(0,0,0)=1 w(0,0,)=gq,
W(1,0,0)= ,0,1) =
W, ( ) =gy W, w(1,0,)=0
W(0,1,0) = qp, W(0,1,1)=0
W(1,1,0)= 0, - Gp, * G wa,1,)=0

P(RD=W,, /Woﬁ" =4, /(1 tqp t G+ wleRl‘]Rz)
=q,/[1+(Ka + K3 [R1+ 0,[RT /(K K, ) |

= qp/|:1 + w]Q[R]z/(KRlKRZ)]
lf wlZ > (\/KRZ /KRI + \/KRI /KRZ )2 = K]argcr /Ksmullcr

for phage A, Op1=Ors and Opp=0r1 = w,~ 100; Ky;/ Ko~ 25

9
w12
4. Cooperative repression ¥\
e.g., Pr promoter of phage A K> K |—>
(R=CI) :
Or2 Ok cro
promoter

statistical weight 17 for each configuration {0, 0;, 0,, }, with gy = [X]/Ky

W (0,0,0)=1 w(0,0,1)=g,
W,y W(1,0,0) = g, W, W(1,0,1)=0
W(0a170)=qR1 W(0’171):O
W(,1,0)=w,, - g, - Gy, w(1,1,1)=0
Note that even if w,,=1 (i.e,. no interaction)
q
P(RD = y
(1+[R1/ Ky, ) (1+[R1/ Ky,)
il for [R]> K, +K,,

TR /(KuKp)

=>» cooperative repression does not require interaction
c.f. “collaborative competition” (Jon Widom)

10
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5. Transcriptional control via DNA looping
« discovered in the study of araBAD regulation (Schleif, 1984)

» also involved in the repression of lac, deo, mel, gal, ... operons
- activation of o®-promoters (e.g., gInALG operon)

Consider regulation of the lac promoter (P)5c)

—p —p ~
%OBHCRPI F35 [0 o1 ] / [ 02 ]
= u
\ )81 615 +11 u +411 »
Y
Lacl coding seq LacZ coding seq

Lac repressor = dimer of dimers

— each dimer unit can bind specifically to operator

— the two dimeric units are (approximately) uncoupled
i.e., can bind DNA independently of the other unit

— enables DNA looping

11
—> oo .
/Y)_IOSHCRPI 38 [0 o1 ] /) | 02 ]
S 81 615 +11 u +411

» effect of O1 alone (tetramer conc = [R]; dissoc const = K)

W, =q, W,=1+2[R]/K =1+2g,
W,

— P(RN~—om =T
W, 1+2q,

+ include O1 and O3 (dissoc constants K, and K3)

*
W= —{03 HOL}— + +
+ 9 ¢
+ ) X +

[R]
=1+2q,+2q;+ 49,4, +2C, ~x_  [note: G has dimension of conc]
17*3

Won = qp + 2q/;QS

12
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%OBHCRPI 35 Fd| o1 | / [ 02 ]
S 81 615 11 u +411
« include O1 and O3 (dissoc constants K, and K3)
1+2q, _ - A
1+2q,)-(1+2q,)+2C A
(1+24)-(1+24,) KK,
N -

Whatis C;?

-- suppose O1 and O3 are not linked
statistical weight

_[03:R:01] _[03][R:01] _ [R] [O3][O1]
~ [03-01] K,[03-01] K.k, [03-01]
conc of O1 O3 Y

in the same config ~ _
but without R CL~1Veen~1nM

= (| gives probab. that two operators are in the required config by chance;
or the effective conc seen at one site given the other site is occupied by R

13
-- next consider two operators linked by the DNA backbone:
—{03} {0l L13=92bp ~30nm

‘Cl3
crude approximation 1: “tether” two operators with flexible linker of length £
fi =400 bp =130 nm, C, , ~10° nM
Conf(65) =10 [ 2R =R Fu
- ) for £ =1000 bp, C, ~6 nM, negligible

crude approximation 2: linker = flexible polymer of persistence length L,
for £ > L, (L,=50 nm =150 bp)
displacement of RW given by

Py=(2nr) exp| (12 127) ], where P~ 2-(£11,)=1,-£

= C,=Pr=0)= 1/ (2717Lp£ )73/2 (increases more slowly with £)

for £, =400 bp = 130 nm, C, , =120 nM
£ = 1000 bp, C, =30 nM

for small Ls, need to consider the details of DNA bending

14
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» How should DNA looping be used?

1+2
P(RD=gq, b
1+2q,)-(14+2q,)+2C, —
(1+24,)-(1+24,) ‘KK,
repression factor (r.f.) = PO =1+2gq, +g&
PR K, 1+2gq,

r.f.
/
1
o for large fold-repression, want
v slope = 2C1 /K3 | _ - -~ ~ CL.>» K3 > [R] » K,
d _ -=" k
---" no DNA looping:
1+ Q[RVK))
K3/2K, [RV/K,
15
—> —» -
/Y)TOSI_ICRP| 35 [0 o1 | / [ 02 ]
S8 615 +11 u +411
expt:  [R]=10nM, K, = 0.5 nM, K3= 250 nM ref: Oehler et al, 1990, 1992
Vila & Leibler, 2003
r.f. with loop = 400 N N
o £ wio loop ~ 20 } C1/K;=20 = C; = 5000 nM
direct determination: C; =~ 3000 nM
further enhancement (~5x) due to Crp-mediated DNA bending
r.f. /
/ weak O3 needed to prevent “squelching”
LI
for large fold-repression, want
) slope = 2C /K3 | _ - -~ ~ CL>» K3 > [R] > K,
d _ --" \
---" no DNA looping:
1+ 2[R]/K,)
K3/2K, [RV/K,

16
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